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Obmrag xapaKTepucTuKa padoThl

AKTyaJbHOCTH TEMBI U CTENEHb €e pa3padoTaHHOCTH. KBa3uilTeKkKeJeBbl ra-
MUJIBTOHUAHBI (T.€. IITEKKEJEBbl TaMIJIBTOHUAHBI ¢ MATHUTHBIM IOJIEM) SIBJISTIOTCSI
BaXKHBIM OOBEKTOM JIJIsI U3YYEHHUsI, TIOCKOJIbKY KJIACCHYECKUE BOJTIKK C JIOTOJTHUTE b
HBIM KBa/[PATUYHBIM WHTEIPAJIOM JIBUYKEHUsI C MMOMOIILI0 KoopauHatT [apOdy MoxKHO
IPUBECTH K TTape KOMMYTHDPYIOIUX KB IPATHIHBIX 110 UMIIYJIbCAM ITaMUJIHTOHUAHOB C
JIByMsi CTeleHsiMU CBODOJIbI, KOTOPbIE B CBOIO OYepe/ib MOI'YT ObiTh 1IPe0OpaszoBaHbl K
nape KBa3uITEKKEJIeBbIX raMUJILTOHNAHOB, Kak Oyjer nokasano B [uiase 1. 910 3Ha-
YUTEJTHHO PACIIMPSET KPYT BO3MOXKHBIX NMpuaoykeHnit. OO0beKThbI, aHAJOITIHbIE KBa-
BUINITEKKEIEBbIM MaMUJIBTOHUAHAM, MOSIBJISLIUCH B JuTeparype panee B pabore Pepa-
noutoBa u Qopyin 1], rie ObLT HOMYYeH s TPUMEPOB TAKUX Iap; JOCTATOTHO MHOTO
MpeICTABUTENCH TAKUX CHCTEM (B HECKOJIBKO HHOI KaanbpoBKe) mosryams Sxbs [2] (em.
TaK>Ke CChLIKU B 9710i pabore). Crout BbiiesnTh Takxke pabory Jopuriy, ['pammaru-
koca, Pamanu u Bunrepuuna [3|. Cremyer ormerurs, 90 mybaukanuii, rjie u3ydaroTcs
00BEKTHI THIA KBA3UIITEKKEIEBBIX TAMUIBTOHHAHOB, OTHOCUTEIHHO HEMHOTO 10 CPaB-
HEHUIO C JlecsiTKaMi TyOJIMKAIIUiA, TJ1e M3y9aloTCs IMITEKKEeJeBbl MaMUJIbTOHHAHbI (CM.
Paznen 1.1 [nassr 1).

[Ipu KOMMYTUPOBAHUYU KBA3UIITEKKEIEBbIX FAMUJIBTOHUAHOB BOSHUKAIOT J[BA HETPU-
BUAJTBHBIX YCJIOBUsT (B OTJIMYHE OT IMITEKKEJIEBBIX TAMUJIBTOHHAHOB, IJIe MOI00HbIe yCI0-
BHsi BOOOIIE HE BO3HUKAIOT), KOTOPBIE HEMPOCTO Pa3peruTh. Boobire, Takoro poja
TPYJIHOCTU BO3HMKAIOT B CUCTEMAX, 3aBUCAINIUX OT MaruuTHoro noJjs. Ciejyer orme-
TUTh, YTO UMEHHO W3yYCHUE PA3JIUIHBIX CUCTEM C MATHUTHBIM TTOJIEM STBJISIETCS Hau-
bostee akTyaJabHbIM. OTMETHM Tak»Ke, YTO OObEKTHI, CXOHBIE ¢ KBA3UIITEKKEIEBhIMU
raMUJIbTOHUAHAME C TPEMsI CTEIeHsIMU CBOOO/HbBI, PaHEe HE U3YYaJHCh.

Kiaccuaeckue Bouku, ocobeHHo Boyidok Kiebma u Bodok Ilorrku—Manakosa,
AKTHBHO M3YJaJUCh BO MHOTUX paborax [4, 5, 6, 7, 8, 9] u np., oHK TakKe MOIPOO-
HO pas3obpanbl B kuure Bopucosa u Mamaesa [10]. CBsi3b 9TUX U JPYyTUX BOJYKOB C
KBA3UIITEKKEIEBLIMU FAMUJIbTOHUAHAMK OyJ/IeT U3YUIaThCA B JAHHON JTUCCEPTAIUH.

Hro Kacaercsi KBAHTOBBIX aHAJOIOB KBAa3UIITEKKEJEBbIX CUCTEM, TO ITa TeMa He
OTparkeHa JIOJKHBIM 00pa3oM B JIUTEPATYPE, B OTJIMUNE OT KBAHTOBBIX ITEKKEJIEBbIX
raMUJIBTOHUAHOB, KOTOPBIE M3YyJajnCh, B dacTHOCTH, B pabore [11]|. [Ipobiema unTe-
I'PUPYEMbIX CJIyuaeB JByMepHoro ypasuenust [pejunrepa B 9/1eKTPOMAIHUTHOM 110J1€
W3y9aeTcst JJOBOJILHO JIaBHO (eM. [1] 1 cehliku Tam), HO JIO CUX TOp He MCCJIeI0BaHA 10
KOHIIA.

C nosiBjieHrEM COBPEMEHHBIX METOJIOB UHTEIPUPYEMbIX CUCTEM ObLIU PAacCMOTpe-
HbI pa3Hble aCIEeKThl UCCyeIyeMoil 3a1adu. B pabore |12 O6bu1 u3yden Kiace pemeHui
(komeunozonubIx) ypasuenns Ulpeanarepa ¢ MmarautbiM moseM (cm. takxke [13]). B

pabore [14] jyist perienust JJaHHOM 331291 TPUMEHSIIIC MeTo| haKTopu3ainn (CM. Tak-



)Ke CCBIIKH B 9T0ii pabore).

3ajiaua 00 ypapuenuu [IpeguHrepa B MarHuTHOM I10J1€ C JIOIOJTHUTEIbHBIM JIMHEH-
HBIM JIN0O KBAJIPATUIHBIM JIOTOJTHUTE/IbHBIM HHTEIPAJIOM JIBUXKEHUST PACCMATPUBAJIACD
B pabore [15] (cM. Takxke nurupyembie Tam paborhi). B a10ii pabore Obl1 MOMyUeH
PsI, KHTEPECHBIX MPUMEPOB TaKMX YPaBHEHMI B Pa3IMUHBIX CHCTEMaxX KOOpPJMHAT, HO
nnddeperiraibHbie yPaBHEHUST, COOTBETCTBYIOIIUE STUM IIPUMEPaM, He ObLIH TTPONH-
TerpUPOBAHDI.

KoMmMyTaTuBHbIE KOJIbIA AudDepeHnaabHbIX OepaTopoB UI'PAIOT BaXKHYIO POJIb
B MaTeMaTndeckoil husnke. B ciyuae ojiHOi He3aBUCUMOIT IepeMEeHHO# 3a/1a4a X OIlHU-
camns Obuta mocraBiena u pemtena B paborax Ulypa [16] u BépunemnaYonmu [17].
[To3aHee 3T pe3yabTaThl HAILIN MHOMOYUCICHHBIE TPUJIOXKEHHS B TEOPUH UHTETPUPY-
embrx ypaBuenuit tuma, Kopresera—ae @pusa, orMeTnM JIUITH ONMUCAHIE KOHETHO3OH-
HBIX OIepaTopos, nosydennoe Hosukoseim, Kpuuesepom u jap. |18, 19|, u ansropurm
HIPOBEPKU HEOOXO/IMMbIX YCJIOBUN MHTEIpUpyeMocTu, pa3padoranubiii [TTabarom u Jip.
[20].

[Ipeobpasosanus Bekmnynaa (IIB) siBaistrorest JOBOJIBHO MOIIHBIM HHCTPYMEHTOM B
Teopur MHTErpupyeMbix cucrem. C OHONW CTOPOHBI, OHU SIBJISIIOTCS KPUTEPUEM HHTE-
I'PUPYEMOCTHU CUCTEMBI, C JIPYTOil CTOPOHBI TIO3BOJIAIOT "Pa3MHOXKATh  PEIIeHUs CUCTe-
MBI, HaUMHAs C JIIOOOTO ee pelleHusl, gake TPUBUAILHOTO.

Hannoe npeobpasoBanue ObLIO 10Jy4eHO BliepBble Bekiynjgom B 1883 rouy [21].
OH moJiyumsi 1peoOpas3oBaHue, KOTOPOE OJIHY I[TOBEPXHOCTb OTPHUIATE]bHOI KPUBHU3-
HBI TPaHCHOPMHUPYET B IPYTYIO. DTO IPeodPa3oBaHue SKBUBAJEHTHO ITPeoOPA30BAHUIO
Beknynna ypasuenns: sin—Gordon. Brnocieacrsun IIB npunobpenn #e TobKo reomer-
PUYECKUIT CMDICJI.

[To Mepe 1osiB/IEHUST HOBBIX MHTEI'PUPYEMbIX CUCTEM BCKOPE MOSIBJISJINCH 11Ppeodpa-
3oBanusi Beknynga n st Hux. [TockobKy OOJIBIIMHCTBO 9TUX CHUCTEM BBIPAXKAETCsT
yepes mpejcrapiaeHue Jlakca ¢ MarpuiiaMu pasMepa 2 X 2, MoJIyUYeHne COOTBETCTBYIO-
mux 1mpeobpasoBanuit BekiyH ia He BbI3bIBAJIO 0COOBIX ciioxkHOCTEl. OIHAKO B CiIydae
MaTPUIL ¢ OOJIBITUM PA3MEPOM CUTYyallnsl 3HATUTEILHO YCIOXKHsIeTcss. Mbl nmpuBegem
npuMep Takoro poja jaJgee. Ilpeacrasienne npeobpaszopannit Bekisynna B BHje Ka-
HOHMYECKOrO 1peobpasoBanusi Obio BBEjeHo B pabore Kogambl u Bajaru [22]| s
ypaBuenuii Kai®@, mKn®, sin-Gordon. JlanHbll MeTo) Tak:Ke IpPUMEHsJICSA B padore
Kysnernosa n Cknstauna [23] mas nepuogudeckoil menodku Togbl w0 J71s1 SJITHITITHYe-
ckoil mojiesin Pyitzenapca.

Meto/ibl OjieBaHMS U pa3/ie/eHus IEPEMEHHbBIX SIBJISIOTCS Ype3BbluaiiHo 3P PeKTUB-
HBIMU JIJIsI UCCJIeIOBaHUsT MHTErpupyeMbIx cucreM. OIHAKO, HACKOJBKO HaAM U3BECTHO,
CUHTE3 ITUX METOJOB He TTPUMEHSIJICS PaHee.

Ypasuenus [lensnese (PI — PV 1) [24], ussectHble erme ¢ KOHIA MPOILIOTO BeKa, B

HaCTOAIIEeC BpeEM IMPUBJICKAIOT IIPUCTAJIbHOEC BHUMAHNE N3-3a UX HIUPOKOI'O IIPUMEHE-



HUs B PA3JIMIHBIX 00J1acTIX GU3MKKA 1 MaTeMaTuku. V3HauaabHO OHM ObLIN TIOJIY 9eHbI
[Tennese kak qudpdepennuaabuble ypaBHEHUsT BTOPOTO MOPSIKa, PelIeHus KOTOPBIX He
00J1aJ1210T 110JIBUKHBIMU OCOOBIMU TOUYKAMU, KpoMe 110J110coB. Ha camom jiesie 1ojBuxK-
Hble ocobeHHOCTH perieHnit Bcex ypapHenuii Ilensese, kpome Ilensiere [, siBisitorcs
IOJTFOCAMK TIEPBOIO MOPsIIKa B 001IeM ciydae. ¥ paBHenue llensieBe I BolOuBaeTcsa us
o0111ero psijia, BO-IIEPBbIX, U3-3a TOI'0, YTO €I'0 PEIIeHUs] MOI'YT UMETh [OJBUXKHBIE OCO-
OEHHOCTH TOJILKO B BHJI€ TIOJIIOCOB BTOPOTO TOPSJIKA, BO-BTOPLIX, 3TO ypaBHEHUE He
nMeeT TpeodbpaszoBaHuil BekyHa.

Kak uzBecrHo, HekoTopbie ypaBHeHus [lensieBe MoryT ObITh 1OJIy4Y€Hbl KaK aBTO-
MOJICJIbHBIC PEIYKIMU MHTEIPUPYEMbIX JUHAMUYCCKHX cucteM. B pabore [25] 6bL10
MOKa3aHo, uTo ypaBHeHue PIV MoXKeT OBbITH MOJYYEHO KaK aBTOMOJIC/IbHAST PEJTyKITUST
nesimneiinoro ypashenust [lpenunrepa (HIID), a B [iaBe 6 paccmoTpen JiarpanKuaH
cucTeMbl JIeBu, moKazaHo, UTO B aBTOMOJIE/IbHBIX TEpeMEeHHbIX BapUaIisl 3TOTO JIarpaH-
JKUaHa 1PUBOJUT K ypaBHenuto PIV, a Takke ycraHOBJIEHO, YTO BCE PallMOHaJIbHbIE
pemennst ypasuenuss PIV onpenensdior pernienue 3ajJadid O CTallMOHAPHOM pacipe/ie-
JIEHUU JIByMEPHOT'O KYJIOHOBCKOTO ra3a B MapabOJUIECKOM TTOTEHIIHAJE.

Ucnosib3yemblit B jiuccepralini MeToJi 1pejicraBjetus jJuddepeHinaibHbIX HeJir-
HellHbIX ypaBHeHuit B mpoctpanctse Oyphe mMmeeT cBOM anaJor (Ho He 6yKBaﬂbHo),
TaK Ha3bIBACGMbIIl CUMBOJILHBIA METO/I.

DToT MeTos, ObLJI BBEJIEH B TEOPUIO MHTErPUPYyEMbIX cucTeM [enbdangom n Jukum
26], a Takxke 3axaposeim u llynbMaHoM Kak mepTypOATHUBHBIN MOAXO/ U YJIyUIICH B
nenaBaux paborax Cammepca [27|, a Takyke Muxaitnosa u B. Hosukosa [28]. O6meit
YEPTOil 1 OCHOBHBIM ITPEUMYIIIECTBOM 0D0UX METOJIOB SIBJISIETCS TO 0OCTOSATEILCTBO, YTO
BCe KOIDPUIMEHTHI pacCMaTpUBAEMbIX YpaBHEHU B MpocTpancTBe Dyphe ABIAIOTCA

(DYHKIMSIMU BOJHOBBIX 4uces k, a HE OLePaTOPAMMU.

ILlenp paborsl. [lesibio paboThl siBJIsSICTCs U3YUYEHUE KBA3UIITEKKEIEBbIX I'aMUJIbTO-
HUAHOB KaK B KJIACCHIECKOM, TaK U B KBAHTOBOM CJIyJasiX, X CBSI3H C KJIACCUICCKUMU
BOJTIKAMH, & TaKXKe C FaMUJIbTOHOBBIMU CUCTEMAMU, KBAJIPATUUHBIMUA MO UMITYJILCY.
Kpowme Toro, Oyier nccseoBaTbesi OnpejieseHHbiit Kiaace quddepennnaabHbix onepa-
TOPOB, CBS3aHHBIX ¢ KBAHTOBBIMHU aHAJOTAMHU WHTEIPUPYEMBIX BOJYKOB. Eire omHOi
MeJTbI0 pabOThI ABJISIETCS Pa3BUTUE HOBOI'O METOJIa MOJydeHus MpeobpaszoBanuii Bek-
JIYHJIa, & TaKKe MOCTPOeHUe TPOU3BOJIANINX (PYHKIUI 31X 1npeodbpazoBanuii. Takxke
OyIyT U3ydaTbCs: IpUMEHEHUE METOJa OJeBaHUs K CUCTEMaM C pa3JIeJIeHHbIMU IIepe-
MEHHBIMH, TOCTPOCHUE TPEICTABICHNU KYJIOHOBCKOTO T'a3a JJisd HEKOTOPBIX TPaHCIEH-
qent [lenseBe, mocrpoenne napbi Jlakca n KaaccnuKammst CKaJIsPHBIX JTUHAMUTECKAX

CHCTEM C KBaJIpaTUIHON HEJMHEHHOCTHIO B npeacTaBiennn Oypbe u apyrue BOIPOCHI.



Hayunaa moBusHa. Bce pe3ysibrarThbl, BRIHOCUMbIE Ha 3aIUATY, IPUHAJJIEKAT aBTO-
Py ¥ ABJSIOTCA HOBBIMU. B HEKOTOPDBIX CIydasx JJjis JOTUUECKOW CBI3HOCTH TEKCTa
B Jiuccepraiuu OyJiyT UCIOJIb30BaHbl PE3YJIbTAThI, 110JyYeHHbIE COBMECTHO C COABTO-
pamu. M xors BKJaJi aBTOpa B MOJYUYEHHE ITUX PE3YJILTATOB CYIIIECTBEHEH, OHU HE
BBIHOCATCS Ha 3allUTY.

Takue pe3ysibTaTbl, KAK HOBbIE IPUMEPDI JIBYyMEPHbBIX UHTEIPUPYEMbIX yPABHEHU
[IpemuHarepa ¢ MAarHuTHBIM I0JIEM, HOBOe TIpeobpaszoBanne Bekmynga ypasuenus [lu-
MEeiKK, TpeJicTaB/IeHne KyJOHOBCKOTrO ra3a Jiis ypaBHenuit [lenseBe, kinaccudpukaius
CKAJIAPHBIX JIMHAMUYCCKUX CUCTEM C KBAJIPATUYHON HEJIMHEHHOCTHIO U JIDYTHE PE3YJib-
TaTbhl, BBIHOCUMbIC Ha 3aIATY U NEpPEYUCJCHHbIE HUXKe, MPEJICTABAAIOT HECOMHEHHbI

UHTEpPEC.

]._.[OJ'[O}KeHI/ISI, BbIHOCHMMbIE€ Ha 3allluTy.

1. Iosryuenbl HEOOXOMMBIE U JIOCTATOYHBIE YCIOBUST KOMMYTHPOBAHUS MapPhl KBa/I-
PATUIHBIX 110 WMITYIRCAM TAMUJILTOHUAHOB C ABYMSI CTeneHsMu ¢cBobobI. 11peo-
JKeH METOJI, MaCTUUHOI0 pasJie/IeHns epeMeHHbIX. BhIluucieHnl ajredpaniecKue
kpuble U pyukiuu Famuibrona—Akobu. Haiijieno npeobpazoBanue raMmuibTOHM-
AHOB K KAHOHMYECCKON KBA3WINTEKKEJEBOH mape (IITEKKEJIEeBbl MaMUJIbTOHUAHBI C

MArHUTHBIM TOJIEM ).

2. Kitaccuueckuit ciydait 06001eH Ha kBaHToBbli. [locTpoena mnoJinasi Kjiaccuduka-
I1sT KBa3UIITEKKEJIEBbIX TaMUJILTOHUAHOB, COOTBETCTBYIOIINX JIBYMEPHOMY OTle-
patopy llpemunrepa ¢ MarauTabIM ToJeM. [logydensr n mpouHTErpupoBaHbI, B
TepmuHax gyukiuit ['oitHa, HOBbIe "KBa3UTOUHO peliaeMble” IPpUMephbl TAKUX Olle-

pPaToOPOB.

3. HOJIy‘{eHbI TPEXKOMIIOHEHTHDBIEC KJIaCCUIECKNE 1 KBAHTOBBIE KBA3UIIITEKKEJIEBLI CH-
creMbl. B KiaccudeckoM CJIyda€ IIpOBECJICHa ITIOJIHAA KJI&CCI/I(bI/IKaLLI/IH ITUX CUCTEM.

B npocreitinem ciydae cucrema mporwHTEIPUPOBaHa B KBaJIpaTypax.

4. VceneoBaHbl KBAHTOBBIE aHAJOTH MHTEIPUPYEMbBIX BOJYKOB Ha ajrebpax e(3) u
so(4). Feneparopbl coorBeTcrByOlIUX aaredp npejcrasietbl B Buje juddepeniiu-
AJIbHBIX OIIEPATOPOB MEPBOTO MOPSIJKA U MOJIyUEHbBI Taphl KOMMYTHDPYIOMUX Jud-
epeHnraJbHBIX OIIEPaTOPOB C JIByMs HE3aBUCUMbBIMH IIepeMeHHbIMH. [loJyueHbl

KBaHTOBBIC aHaJjorn Bosiaka M. Ajyiepa—Ban MépOeke n Bosraka CokojioBa Ha

s0(4).

5. PazBut Mmeros moJiyuenus npeobpaszoBanuii BeksiyHjia, OCHOBaHHBIN Ha MHBapPU-
AHTHOCTH Bapualuu aeiictBug orHocuTenbHO IIB. ITocTpoensr Tpeyroiabubie pe-

merku 1D jyist jiuBeprenTHbix cucrem u ypasuenus Jlangay—JIudmmia. Haiijeno



Hosoe IIB st ypasuenust Iuneiiku. ITocrpoena okrasjipuueckasi perierka, Jijist
UHTErpupyeMbix Bepcuit cucteMbl [IaBu—Crioaprcona. YucTo NUCKpETHOE ypab-
HeHue, IpUHaJJIeXKallee oM pelierke, COBIAIaeT CO 3HAMEHUTHIM yPaBHEHUEM

XUpOTHI.

6. Ycranosseno, uto 3agada 00 L-A mapax B Dypbe IpejcTaBIeHAN JJIsT CKAJISIP-
HBIX YpaBHEHMI ¢ KBaJPATUIHON HEJIUHEHHOCTHIO CBOJUTCA K (PYHKIIMOHAJILHOMY
ypaBHenuio. Ilosyuenbl HOBbIE IpUMEpPhI OE3IMCIIEPCUOHHBIX CUCTEM K TOKA3aHO,
YTO B pacCMaTPUBAEMOM KJacCe CHCTEMBI C JIUCIEPCHEll SBJSIOTCS TOIKIACCOM

0e3/11CIIePCUOHHbIX.

7. Haiijieno nipejicraBjienne KyJIOHOBCKOI'O 1a3a, JIjist HyJieil YuCcuTe s 1 3HaMeHaTeJ st
panuoHa bHbIX perienuil ypasueuuit Ilennese P11 — PIV. Ilokazano, uro Jioboe
palroHaJbHOE pelleHrne 3TUX yPaBHEHUI OIpenesseT CTAIMOHAPHYIO KOH(UIY-
PAIMIO JIEKTPUIECKUX 3aPsII0B, NPUIEM 3apsijibl MOI'YT ObITH Pa3HOMMEHHBIMMU.
UccnenoBana pemérka IIB ma ypasuenns IlensieBe V. BoiBesiennl ypaBHeHU

Ha HYJIM U 1OJIIOCA palMoHaJIbHbIX pelienuit ypasuenuit PV — PV 1.

8. UcciieoBana jguHaMKUKa, [IOJIFOCOB JIJIsI PallMOHAJbHBIX pelleHuil cucreMbr Jlesn
1 aByMepusoBaHHO# cucrembl Tojibl. [ToydyeHo ajredpaundeckoe pelneHue 3aadu
Kot i1t 07IHOr0 U3 MHOTOUACTHUHBIX ypaBHeHuii Kanmomkepo (parmuoHajibHOTO

ypasrenusi Pyiizenapca—I1lnaiinepa).

TeopeTuveckas n mpakTuiecKad 3HAYUMOCTb PA0OThI. [lanHast jiuccepraliusi
SABJIIETCS TEOpeTHIecKoil padoToil. Ee pe3yiabTaThl pa3BUBAIOT TEOPUIO MHTErpUpye-
MbIX CUCTEM, B TOM 4HUCJIE B 00JIACTU KOHEUHOMEPHbBIX I'aMUJIbTOHOBBIX CUCTEM, HEJIM-
HeliHbIX JiuddepeHnnalbHbIX YpaBHEHUI MaTeMaTudecKoil (pu3nKu u JIpyrux odJia-
CTAX HAYKHW. DTU PE3yJbTaThl UMEIOT TIEJbIi PsAJl MPUJIOXKEHUH, JacTh U3 KOTOPBIX

HnccjieJJ0BaJaCb B JUCCEPTAIINNA.

MeToap! ncciiemoBanus. B jiuccepralium ucioib30BaHbl TaKUe METOJIbl, KaK 11PeJi-
crapjenue Jlakca, siBJIstroIeecss OCHOBHBIM JIJIst TIOCTPOCHUST MHTEIPUPYEMbIX CUCTEM,
BBICITIIX CUMMeTPUil Jiyid HuX; TecT lleHnaeBe, KOTOPBIH sBIAETCS HEOOXOTUMBIM YCJIO-
BUEM UHTErPUPYEMOCTU CUCTEMbI U UpPE3BbIYaiiHO 3P DEKTUBHBIM CIIOCOOOM "OTCEKATDH
HEWHTErPUPYEMbIE CJIyYau; METO/] OJIeBAHMS, KOTOPBI OOBITHO UCIOJIb3YeTCs JIJis T0-
CTpoeHus TIpeobpazoBanuit BekayHma, 0JlHAKO B JaHHOH paboTe OH MCIOJH30BAJICS
KaK OJIeBaHME Ha OJMH IMal JIJIsi CUCTEMbI C Pa3JeJeHHbIMEU HepeMeHHbIiMu 1 j1p. OT-
METUM, YTO HEKOTOpPbIE METOJIbI, MCIOJb3yeMble B JUCCEPTAINU, Pa3padOTaHbl aBTO-
POM — IIPpUBEJIEHUE KOMMYTUPYIOHIUX MAMU/JIBTOHUAHOB K KBA3UIITEKKEJIEBY BU/LY, 4TO

CNJILHO YIIPOIIa€T aHaJIN3 CUCTEMbI; METO/ ITOJIYyYCHU A aﬂFe6pa,I/I‘{eCKI/IX KPHUBbIX COOT-



BETCTBYIOIINX KBA3UIITEKKEJEBbIX MAMUJIBTOHUAHOB; METOJ “1aCTUIHOTO Pa3JieJIeHusI
IIepeMEeHHbBIX ; & TaK»Ke HCIOJib30oBaHKe mapbl Jlakca B Oypbe-IpoCTpaHCTBE JIJIsi JIH-

HaAMUYECKUX CUCTEM C KBaJAPATUIHON HEJIUHEHHOCTDHIO.

Crenienb Jo0cTOBEPHOCTU. J[0CTOBEPHOCTD 110J1y YEHHBIX PE3YJILTATOB HE BbI3bIBAET
COMHEHUI, TaK KaK 1TPU UX HCCJIEJIOBAHUU MTPUMEHSIJIUCH METOJIbI, TMUPOKO UCIIOJIH3Y-
eMble B TEOPpUN MHTETPUPYEMBIX CUCTeM. DBIJO TmpoBejieno cpaBHenne HEKOTOPLIX W3
HOJIYUEHHBIX PE3YJIbTaTOB C aHAJOIMYHbIMU PE3yJbTaTaMu, [OJyYEeHHbIMU JIPYIUMU
Metojiamu. K mpumepy, ajaredOpandeckue KpUBbIE, OMUCHLIBAIONIAE JTUHAMUKY HEKOTO-
PBIX KJIACCHIECKUX BOJYKOB, CDABHUBAJNCH ¢ KPUBLIMU, MOJTYIEHHBIMU C UCTOTH30BA-
HueM napbi Jlakca. [Ipusejiennbie B jjuccepraiuu npuMepbl mpeodpaszoBatuii bekyH-
Jla CPABHUBAJINCH C y:Ke U3BeCTHBIME. OJTHAKO MOCKOJbKY OOJIBITMHCTBO PE3YIbTATOB,
MOJTYIeHHBIX B JIAHHOW JUCCEPTAIUH, ABJSIIOTCA HOBBIMU, UX HEJH3s CPABHUTDL C Pe-

3yJIbTaTaMu JIPDYTMX aBTOPOB.

Anpobamus pe3yabTaToB. Pesyiabrarhl guccepraiun J0KJIa bIBAJINCH Ha 3aCe]a-
HusIX YueHoro copera Mucruryra Teoperndueckoit dusuku um. JI.J. Jlanmay PAH,
Ha cemuHapax 1o maremarudeckoit dpuzuke UTO um. JI.[. Jlanjgay PAH, Marema-
tnaeckoro mucrutyTa uM. B.A. Creknosa PAH, NucruryTta mo aTromHOi sHEpPruu
CEA-Saclay (®pamnmus), ma Hayumbix ceccusix Cosera PAH mo mesmmmneiinoit muna-
vuke (Uucruryr okeanosornn um. ILIL [Hupmosa PAH), a rakxke na kondepeniu-
sx: Optical Solitons: Theoretical Challenges and Industrial Perspectives: Les Houches
Workshop (1998, Centre de Physique des Houches, ®panmnust), International Workshop
on Solitons, Collapses, Turbulence: Developments and Perspectives (1999, UT®, Yep-
rorosioBka, Poccust), "Workshop on Classical and Quantum Integrability” (2000, University
of Leeds, Bemkobpuranus), "Kommiekcubiii anamus, guddeperiuaibubie ypaBHEHUSs
u cmexubie Borpochl” (2000, Uncruryr Maremarnku ¢ BII PAH, BamI'V, ¥Yda, Poc-
cust), "Knaccuveckue u KBaHTOBbIe HHTErpupyembie cuctembl” mamsitu M.B.Casesbena

(2001, 2003 Uncruryr dusuku Bbicokux suepruii, r. [Iporsuno, Poccust).

ITy6amkarumu. [Iuccepranus biiosnena na ocHose pabor [M1]—[M21]| uz cuucka
nybJsinkaluit apropa 1o reme jucceprainuun — Beero 21 crarbs. Bee aTu cratbu ornyo-
JIMKOBAHBI B PENEH3UPYEMbBIX »KYpHAJIaX, BXOJANUX B MEXKIYHAPOIHBIE DA3bl JIAHHDBIX
Web of Science, Scopus u B nepederb BAK. Hacrb pabor nanncana copmectno. Briiai

aBTOpPa B HpI/IBerZ[éHHbIe B AUCCEPTALINN PE3YJIIbTATHI ABJIAECTCA OCHOBHBIM.

CrpyKrypa n 00 b€éMm auccepramuu. Jluccepranus cocrout u3 Beenenusi, 7 rias,
Sakmouenns u Crucka JUTepaTypbl, KOTOPbI comepkKuT 167 nHanMmenosanuii. O0ruit

00béMm — 220 crpanuil,



Conepxkanne padboTbl

BBenenue cojiep>kut onucanue MnoJydeHHbIX B JIMCCEPTAIUN PE3YJILTATOB U OLEHKY
UX 3HAYCHUS IS TCOPUU HEJMHEHHBIX NHTEIPUPYEMbIX CUCTEM.

I'm. 1 nocssinena KjaccuuecKuM KBa3UIITEKKEJEBbIM IaMUJILTOHUAHAM.

B Pasznene 1.2 msyuaercsa 3ajada 0 mapaX KOMMYTHPYIONIAX TaMUJIHTOHUAHOB,
KBaIPATHIHBIX 110 UMITYJIbCaM, KOTOpas Oblia, B YaCTHOCTH, PACCMOTPeHa B paboTax
3, 29, 1, 30, 2].

P&CCMOTpI/IM I[Iapy r'aMUJIbTOHHMAHOB BHUIA

H = ap% + 2bp1p2 + cp% + dp + epy + f, (1)
K = Ap? + 2Bpips + Cpa + Dpy + Epy + F, (2)

KOMMYTHDPYIOIINX OTHOCHTEJIBHO cTaHjapTHO# ckobku Ilyaccona {pa,qs} = dap. Ko-
s dunuentsr B hopmynax (1),(2) - HekoTopbie (JIOKAJbHO) aHAJIUTHICCKEE (DYHKITHNA
IIEPEMEHHBIX (1, ¢2. ILyCTh S1, So ABIAIOTCA KOPHAMHU yPABHCHUSA

®(s,q1,q2) = (B —bs)? — (A —as)(C —cs) =0, (3)

Torma, ecin sikobuax TouedHOTO TpeobpazoBanust (q1,qz) — (S1, Sg) HE paBeH HYJIIO,
MbI OyJIeM Has3bIBAThL napy ramuiabronnanoB H, K w3 dopwmyi (1),(2) neswpoorcdennod.
Kurrouesoii reopemoit B s1oit [nase sipasiercst Teopema (1.2), mosroMy Mbl MpUBOJIUM
ee 3J1eCh [OJIHOCTLIO:

Teopema 1.2. Jhobas napa KoOMMYMUPYIOUULT HEGHIPOHCOCHHBIT 2AMUALTMOHUAHOG

(1)-(2) mooicem 6wimsv ceedena ¢ nomouybio moueunozo (onpedesennozo éviuie) U Ka-
HONUYECK020 NPE0OPA30CANUA

. oF A oOF
a=ﬂ+—%ﬁ@, Py = py 4 2EG15)
$1 0589
K nape suda
gl sUi—al (4)
S1 — 89 51 — 82
2de \/ §1(s1) 22
S1(s1)52(s $1)2
_ 2 | 1( 2(52) _ =1l81)4g
Ui=Sls)R (81 — 59) P2 4(s1 — s52)? TVl ),
VS1(51)52(s2) Sa(s9)Z; ?
S1(81)59(89)Z S
o 2 . 1 1 2\°22 S2 _ 2\°2 S2
= SQ(SQ)PQ (31 — 52) Pl 4(52 — 81>2 + ‘/2(817 82)7
1 2
Vi= 54/ 51(s1) 05, |/ S1(s1) + fi(s1),
S1 — S92
X ) (6)
Ve = 54/ S2(52) Os, ( Sa(s2) > + f2(s2),
S92 — 851
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Vi—V,

= (7)
S1 — 89

dna mexomopuix pynkyut Z(s1, s2), Si(si) u fi(si). Lamusomonuano H, K (4) xom-

Mymupyrom omuocumervuo cmandapmuot cxobrku Iyaccona {P;, s;} = 0; ; mozda u

moavko mozda, xozda

Ly, — L
7, =T e 8
1,92 2(82 o 81) ( )
U
ZS1Q82 - ZSQQS1 - O (9)

[Tapy ramunbroruanos H u K, onpejensemyto dhopmynoit (4), Mbl OyjieM Ha3bIBATH
KBa3UMITEKKEJIEBBIMIA TAaMUJIbTOHUAHAMM. YCJIOBHE TOIO, UTO KBa3UIIITEKKEJIEBbI
raMUJILTOHUAHBI ABJISIIOTCSA KOMMYTHPYIOITUMU, IPUBEJIEHO B popMyaupoBke TeopeMbl
(1.2).

Dukcupysi 3HaUEHWST KOMMYTHUPYIOIIUX MAMUJIHLTOHUAHOB HA MOBEPXHOCTH yPOBHSI

H = h, K =k, nonydaem cjenyionme ypaBHEHUS:

P?4aPy,+b=0, P;+AP,+B=0, (10)
rie
a4 = Zx Sg(y) A:— Zy Sl(SC)
r—1y Sl(l')’ r—Y 52(9)7
b 72 +V1—hx+k7 B _ Z; +V2—hy—i—/<:.

Az —y)? S1(x) Az —y)? S2(y)
Mpbr nipousBesin 3amMeHy s; = x, So = e Jiisd yJ100CTBa.

Ormerum, aro ecm Z(x,y) = 0, TO raMUIBTOHHAHBI CTAHOBSTCS ITEKKEJTEBBIMIE
u cucrema (10) TPUBMAIBHO MHTErPUPYETCsI.

B nporuBHOM cjiydae Jijisd pelleHus CUCTeMbl MOXKHO IPUMEHUTH METOJ] "9aCTUIHO-
ro pazjiefienns nepeMeHHbix.” g onucaHust 9Toro MeToja moTpedyeTcss BHIIOJHATD
HEJIbII PsiJl IPOCTHIX, HO HEOOXOAUMBbIX JIJIsi TIOHUMAHUST 9TOI'0 METO/1a BhIKJIAIOK.

B Paszjiese 1.4 BoIBOUTCS YHUBEPCaAJbHAA (POPMYJIa JJisl pellleHns ypaBHeHuit ['aMu-
JIbTOHa—ZKOOM JiJisI KBA3UIITEKKEEBbIX CUCTEM, a TakKe aJireOpaumdeckasi Kpubas,
OIMKCHIBAIOIIAS JIMHAMUKY 3TUX cucteM. Vcrnosb3ys craHJapTHYIO TEXHUKY Pe30Jib-
Bent Jlarpamxka, csejieM cucremy (10), 9KBUBAJEHTHYIO ajreOpandecKOMy yPaBHEHUIO

crerienu 4, K cucreMe

1 b B
Uy = ZCLA, Au® + 4guzv — 4Zuvz —av® = 0. (11)
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[Tycrs (ug, vx), k = 1,2, 3 -permenusi cucrembt (11), rorma Gpopmysibi

P = uy + us + us, Py = v + vy + vs;

Py =u3 —u; — uy, Py =v3 — v — v9;
Py =us —up — us, Py = vy — vy — vs;
Py =u; —uy — us, Py =v; — vy — 3

onpeJiesior derbipe perenust cucrembt (10). s onpegenennocru 6yem paccmarpu-
BATh IEPBOE U3 HUX.
Jlemma 1.5 Jlaa i =1,2,3 svinosnenv, coomuouLeru.s a;yi = aazi.

Jlemma 1.5 o3Hauvaer, 4TO B IEPEMEHHBIX U1, U, Uz TTPOUCKOJIUT "dacTUIHOE pa3-

nenenne nepeMmenabix. A mmenno, V = Vi + Vo 4+ V3, rme V' - uckomast Gpyukims

Famuiibrona-fAkobu, a dyskimu V; onpeensorcs u3 CuCTeMbl

0 0
%‘/Z = Uy, a_y‘/; = ;.

1z fJyee 1z [i¢
S 2x—y\z—¢& 2z —y\ly=¢&

Jlerko Bujers, uro napa (u, v) mis jawoboro € yaonersopster coorHomenuto (11). Kpo-

ou __ 0
M€ TOT0, HETPY/IHO IPOBEPUTH, YTO ecJi Z yjoBiersopsier (8), To E)_Z = 8—; [Tosb3ysich

[Tosoxkum

stuM aktoMm, BBegeM GyHKINO o (T, Yy, ), TaKyio 9TO

ox dy
do
o€

C TOYHOCTBHIO JI0 HECYIIECTBEHHOTO MHOXKHUTEJst BTopoe ypasHenue u3 (11) moxer

[Tonoxum Y =

OBLITH 3allCAHO B BUJIE

V(z,y,& h, k) = —k + hé+

y—¢§ Si(x)Z; >_$—§

+x—y(”‘4<x—§><x—y> T—y

S2(y) 2] ) (12)
(y =&z —y)/

IIpenmoxenune 1 Ilycrs Boinosnensr coornomenus (8), (9). Torga Bripakenue

(ot 5

(12) strisiercst dynkimeit mepemenabx Y u €.

Cornacuo Ilpemnoxkenuio 1, coornomenue V(z,y, & h, k) = 0 Moxker ObITH 3amu-
cato B Bujie ¢(&, Y, h, k) = 0. st npakTuieckoro Haxox/ieHust GyHKIUKU ¢ [0JIE€3HO
nosioxkuth y = x uim x = 0. Ilocie sroro Beipaxkenue Y (z,y,&; h, k) 3HAIHTETHHO
yporaercst, u Gyuknus V(z, x, &; h, k) nerko Boipaykaercs depes & u Y (z, x, & h, k).

YpaBHeHne

O(& Y3 h k) =0 (13)
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3a/JaeT KPUBYIO, B TepMuHax jguddepeHnnaioB Ha KOTOPO# BbhIparkaercs (OyHKIMs
lamuibrona- fAkodu V.

O6o3nauum uepes &(x,y; h, k), tie k = 1,2,3, kopuu KyOUUECKOIrO ypaBHEHUsI
U(z,y,& h, k) =0.

Teopema 1.7. Oyukuus 'amuiabrona -Axkobu V' nmeer Bu

; &
Vi) = Y (ol &loihh) = [viO)de), (14)

k=1

rie Y () - anrebpantveckas yukims va Kpusoit ¢(£,Y) = 0.
Onpenesnsonye ypapienus Ha (PyHKINAIO V:

ov oV ov oV
(1:7 y7 6.1,' Y ay ) h’? ('I.? y7 ax Y 6y ) k ( 5)
fora 0 0 0 0
174 174 1% 174
gr v gy T Tt =T (16)

DTO IpeJicTaBIeHne Mbl Oy/ieM HA3bIBATh UaCTUUHBIM pasjie/IeHueM IepeMeHHbIX,
I0CKOJIbKY BCE BEJMUYMHBI 3aBUCAT OT 3-X 1epeMeHHbIX &k (x,y), OonpejelsieMbx u3
ypaBaerus (12), 1 OT caMuX MEpeMEHHBIX T, Y.

st HAXO0XKJIeHUs sIBHOIO pelleHnsT HeoOXOoAuMO HaiTH obpaTHoe peobpa3oBaHue

Axobu ciemytomnieit cucTeMbl

”

&1 &2 &3
t—to= Q&)+ [+ [ (),

o o o
&1 &2 &3
|7~ =90+ [0u(6) + [ ) ()
\Alg(yvla YQ; YE’)) 517 527 537 h: k) - 07
e 06/0h 06/ ok
1= Feay h= 007 &

[Tocnennsisi crpouka B cucreme (17) o3Hadaer HEKOTOpOE ajredpamyecKoe yCJaoBHe.
Hanpuwmep, eciin MoxkHO HaiiTh Takyio nepemennyto 1 = a(x,y)E + b(x,y) = g(&,Y),
Torma mapel ToueK (£1,M1), (§2,M2), (€3, 73) JeKaT Ha OIHOIN MPIMOIA.

B Pasjene 1.5 upejicrasiena Kiaaccudukalysd KBa3UIITEKKEJICBbIX TaMUJILTOHNA-
nos. B Paznesne 1.6 npuBoagTcs npuMepbl KJIaCCUYECKUX BOUKOB, CBSI3aHHDLIX C KBa-
SUIITEKKEJICBLIMUA TaMUAILTOHUAHAMN.
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[Tpusesiem B Kauecrse npumepa Bosaok Kiebima wa e(3) : Paccmorpum ramusibro-

HHaH U ,ILOHOJIHHTGJIBHbIﬁ nHTerpaJi BOJa4Ka Kiebma

1 1
H = S (My + My + Mg) + S (M7 + Ao + Ag33),
T S (18)
K = ()\IM12 + )\2M22 + >\3M§) — )\1)\2)\3(—1 + 22 + —3)’
A A A3

rjie A\;- npousBoJibHbIe napamerpbl. Oyukiun H u K KOMMYTHDPYIOT OTHOCHTEJHHO

Juneitabix ckobok [lyaccona asrebpbi e(3)
{M;, My} = My,  {Mi, v} = e, {77} =0.

Sadukcupyem 3Havenns GyHKiuii Kazumupa 3Tux cKoOOK:

V42442 =02 My + Myys + Msys = 1.

Torna dhopmyJibl

1 Lz (¢ + ¢+ 1)
M — _|_ — 2 — 2 — 1 ‘|‘ - L 2 )
1 P191G2 2P2(Q1 4> ) 201 (q% i q%)
1 ly (g +¢+1)
My =-pi(g? — g3+ 1) + o
2 2]91(% 42 ) P2q1492 9 (q% I q%) (19)
M3 = p1g2 — paqi,
Y = 2aq, Y2 = 2002 V3= a(q% s q% —
(¢f +a5+1) (¢f +a5+1) (¢ +a+1)

3aJIAI0T BelecTBenHbie Koopauaatet Japoy (p1, pa, ¢1, @2) HA CUMIIEKTHIECKOM JIACTE
00ITIero MOJIOXKEHHU .

[Togcrasisist (19) B (18) u wcnosb3yst pe3ysbTarhl Teopembl 1.2, mosydaem:

S(x) = =2(x —2\1)(x — 2 ) (x — 2)3), Z(z,y) = Zé(%’ + ),

P (20)

fla) = =T + %m()\l +do + Ag).

Hasimane MEUMO# euHUIBI B BhIpaykeHun jiyisd Z(z,y) u3 (20) mpuBogauT K HEOO-

XOJIMMOCTH CJIeJIaTh 3aMeHy
i/ S(x)S(y) =/ —S(@)S(y).

[Tpu 3TOM JIETrKO BUJIETD, UTO BCE KOI(DDUIUEHTH B TAMUJIBTOHUAHE U JIOTIOJIHATETHHOM
UHTerpaJie ABJISI0TCA BEIIECTBEHHBIMU IIPU YCJAOBUU, YTO IIEPEMEHHbBIE S1, So HAXOIATCA
B «IPABUJIBHBIX> IPOMEXKYTKAX MEXKJLy KOPHsIMU MHOroujeHa S (mosnaombl S(s1) u

S($2) MOMKHBI UMETDH pa3Hble 3HAKM B CUJTY JUHAMUKH CHCTEMBI).
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Cnenyst cxeme Pazjena 1.4, nogydaem

x—g) Y_QJ__L 1
VE—y T 08 20z —&/E—y

Ucnonbayst (12), MBI BEIYHCIISIEM COOTBETCTBYIOTIYIO aJredPAnIecKy0 KPUBYIO PO-

(21)

[
o(x,y,§) = o arctan(

na 3: )
BEY) = SEY* +(F(6) ~ hE+B)Y? — 1 =

Ormerum, ato ajrebpandeckast KpuBas (22) coOBIaJaeT ¢ KpUBOii, moJrydennoi [le-

0. (22)

pesiomoBbIM 13 3 X 3 napst Jlakca st Bosraka Kiebia [31]. Vznoxennbrit Bbiie MeTo/
IO3BOJISIET CTPOUTD aJredpantdeckue KpuBble 0e3 CIob30Banus napbl Jlakca.
BeesieM HOBYIO IepeMEHHYIO

l2
4a2Y?

n= +& = (v +y)€ —ay. (23)

[Tocneanee paBeHCTBO O3HAUYAET, UTO mapbl Touek (&1,m1), (§2,M2), (€3,M3) Jexkar Ha
OJTHOM HPSAMOIA.

Bsenem obosnauennst

L S .

5 = @, Ii = M+ Ao+ A3, Is = Mo+ Xods 4+ Az, I3 = A1 Ao)s,

TOTJIA, BhIpaXKkasl repeMennyio Y u3 (23) u mojcrasiss B (22), mogydaeM KyOuKy

G(&,n) =2(* + I — 2h)&* — €% — A(PL, — k)&~

N iy 8 . 24
— 2(I1 — 2R)én + n* + 8P 1€ — 4kn — 161°13 = 0 (24)

- KpUBYIO pojia 1.
B Pasznene 1.8 paccMarpuBaioTCs TPEXKOMIIOHEHTHBIE KBa3UIITEKKEEBbl TaMUJIb-
ronunanbl. [lepedopmysmupyem Yreepxkaenue 1.16 ciepaytonmm oOpa3soMm:

Cemeticmeo MpeETKOMNOHEHMHHIL KEA3UWMEKKECEDIT 2AMUADTNOHUAHOEB UMEE, 6ud

(@) = > (S(apt + 3 i@ +unl@)) [T =20 (bl h(B)} =0, (25

k=1 i=1 i e 4
rie
S(x) = ad*(z), zi; :—5M,i , 2.i(q) =0,
@)= o), 20 = =" ”
a(r) = azx® + ayr® + a1 + ag,
ui(q) = ulqy, g2, 3), u2(q) = ulgz, g3, ¢1), us(q) = ulas, q1, ¢2)
n
@99 =~ (38—t ) S @)+ ) 4 18"(w)
2=y v (x—y)? (r—2)? ! r—y x—2 5 )
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Torna h(a) = hoa? + hia + hg, W MBI HOMyuaeM Tpu ramuibronnana hg, hi, hy B
MHBOJIIOIMHY, T.€. CUCTEMbI, HHTerpupyembie 110 JInysuio.
B ciyuae korja a(r) - KBaJparuaHblil HOJUHOM, ¢ HOMOIIBI0 KAHOHUYECKOIO 1Pe-

O6pa3OBaHI/Ie MO>KHO HUCKJIIOYUTDH ITOTECHIIHUAJI:

Z 1. — P (CLZ(%)pz + alqr)o (Mpk g pz'))' (27)

=1 jik Ik T 4 iz Ik i 4k — gi

Hemas 3ameny prp — Op, IOJIydaeM CEMEHCTBO TPEXKOMIIOHEHTHBIX KBAHTOBLIX KBa-

SULITEKKEJIEBbIX CUCTEM.

B I'n. 2 B Pazjene 2.1 nokazana Teopema 2.1, anajoruunas Teopeme 1.2, chop-
MYJIMPOBAHHOM BBIIIE. Y paBHEHHUSI B 9TOI TeopeMe NMeIOT KBaHTOBbIe monpasku. Oco-
60e MecTO B KBAHTOBOM CJIydae 3aHUMAET KJIaCC KBa3UIITEKKE/IeBbIX TaMUJIbTOHHAHOB,
COOTBETCTBYIONIUX JBYMepHOMY ypaBHenuio IllpeaunHrepa ¢ JOHNOJHUTEIbHBIM HHTE-
IPaJiOM, KBaJIPATUIHBIM 10 OllepaTopaM MMIIyJbca. Iloayder oOmmii B TOUYEIHOIO
obpaTuMOoro mpeodbpaszoBaHus K KBa3UIITEKKEJIEBbIM I'aMUJIbTOHHAHAM, 3aBUCSIIEIO OT
3-X mapaMerpoB, KOTOPbIE CBSI3aHbI OJIHUM ajreOpandeckuM coorHomenneM. ITokaza-
HO, 9TO B ciydae ypasuenust pegunrepa opnHa u3 onpejensiionux GyHkmmit S(z)
BCErJIa sIBJISIETCS IIOJIMHOMOM 2-0if cTeneHu. JTOoT (PaKT MO3BOJISET HMPOBECTH IIOJHYIO
KJIACCU(DUKAIMIO COOTBETCTBYOIIUX [1aP KBA3UIITEKKKEIEBbIX TaMUJIBTOHUAHOB B 9TOM
kJjacce. Kak pesyiabrar moJiydero "obinee” perenne, a TakyKe O W30JMPOBAHHBIX pe-
IIeHUA.

HyCTb raMmnJIbTOHUAH 1 ,ZLOHOJIHI/ITG.HBHE)II'/JI HMHTETrpaJl B I'JlaBHOM HpI/I6.HI/I)KeHI/H/I nMe-

FOT BH/T )
H = ar(q1, @)t + 201(q1, @2)prpa2 + 1 (a1, 2)p5 + -, (28)
K = CLQ(Ql, QQ)ﬁ% + 262(Q17 QQ)plﬁQ + 62((]17 q2)ﬁ% + P
rje p; = —Zhan
Ypasuennto Ilpeannrepa coorBeTcTBYeT BHIOOP:
ai1(qi, ¢2) = 1, bi(q1,¢2) = 0, c1q1, ¢2) = 1,
az(q1, q2) = qg + 4, bo(q1, 2) = @2 + K, = Q% +v7 (29)
Torma monmuom 2-oii cremenn S(x) = 4(t — x1)(f — x2) ompegensieTcss CBOUMA
KOPHSIMHI
1 =17 = N2, mo = N4+ 1%, K2 = N (P — P+ 0?). (30)

[Tosinast kiaccudukaiiusi:
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[. Pemmenne ¢ nByms kopusivu S(x) = 4(x — x1)(z — 29)

Z(r,5) = (5~ 55+ )@ +9) + 3on(z — )@ +9) + 2l — )

+ 21V T — 1V Yy — T1 + 2900/ T — To\/Y — To,
f(x) = —4222°S(x) + 427° (21 + 29 — 26)—
Z%Q?l—a?g Z%.CBQ_.Tl

—16zcsc(2zm(x—x1—:cg)+zc)—zx " PR
— I — X

II. Pemenue ¢ oquum KopHeM

Z(x,y) = (fE+y)(5——)+Z\/—f S(x) = 4(x — x1)(x — 2), (32)

fz) = f2£132-

52

f(il?) = fm\/5 + 555'2-

3. z2=0, 0 = +ih

1T h?
f(@) = fu/T+ W55 — (o + ).
4. z = 20,
f(z) = f?m . 21;’;2 (3% + 852).
5. z = 20 + ih,

T1T9 T +.TU2
212 4x

f@) = —(20 £ ih)*( )-

PaccMmorpum jiBa citydast U3 o0meil KaaccupuKalimm:

1. mpumep 1 cayuait [ 20 = 0,21 = 96,0 — —10,

h h 2
pw=0,v=0, k=0, Gm =7 0 =kh, Ge = 7 3¢ E:2ma2)\'
2. mpumep 2 cayuait 1I-4 § — i
a, v=a, k=0, f 1h2a2(3—|— ), 0=kh, E i
= = = m:— 67 = 5 = — X
/’l/ 9 Y Y 2 2ma2X

rJie a - napaMerp pa3MepHOCTH JUIMHBI, a napameTpbl k, €, A Y, - 6e3pa3mMepHbl,
npuueM, Kak OyjieT mokasaHo, k - Ieji0e KicJio, IapaMeTp A—HOBBII SHepreTnde-

CKUIl ImapaMerp.
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Jjist TOrO, 4TOOBI IPUBECTU PACCMOTPEHHBIE TPUMEPY K Bujly ypaBHenus [lIpeunrepa
CO BCEMU pa3sMepHBIME MapaMeTpaMu, HeOOXOAMMO CJIeJaTh CJIeIyIolue mpeodpa3oBa-

HUSI: 7
Hy=-—, ug=—— Ay=-A, A, =" A, (33)
2m 2m e e
rie Hg - oneparop [lpenunrepa, a ug - morerruas. Jasee Mbl Oy1eM OMyCKaTh HHIEKC
S.

B Pazjiene 2.2. nojydeHsl JiBa HOBBIX IpuMepa ypapHeHus Illpejunrepa ¢ Henyse-
BbIM MAIHUTHBIM I[I0JIEM, OTHOCSIIUECS K KJIACCY KBa3UTOUHO PEIIAEMbIX 3ajad. DTH
PUMEPHI TPOMHTErPUPOBAHbI B TepMuHax (yHkimii [oiina. Oupegenenne 1uCKpeTHO-
I'O CIIEKTPa M BOJHOBBLIX (DYHKIIMII CBEJIEHO K PEIIeHHUIO aJredparniecKoro ypaBHEHNUs,
KOTOPOE MOXKET ObITh HPOAEJAHO YMCJACHHO, YTO U O3HAYAET TEPMUH KBa3UTOUYHO pe-
maeMblie” 3a/1a9mn.

Paccmorpum omneparop Ilpeaunrepa B ciepyoiieit popme:

. 1 . S X
A= (—mv - ZA)2 Yulr,¢), Ho = B, (34)

m

ITpumep 1. OTTankuBalOIUii TOTEHITAAJT

Ay, = 2222 r <6 + 32—2) , Ay =0, u= —2:;2 <22—Z + eg—i + 2/<:Z—Z> : (35)
SHEPIUs ¥ MArHUTHOE MOJIE NMEIOT BUJI:
2 2
E= 2:1@2% B:%(e+6%). (36)
BoJsinosast pyHKIuMs:
" > 2
Y = e sate a2rle™ HeunB(l, e, +31 + 2k, Fel — ), #) (37)

ITpumep 2. HepanmmonaabHBIN cirydaii

ch a K2 3a? a?
Ay=—k———, A, =0, u= — . 38
’ e rvr2+a? “7 Sma? ((7“2 T2 Py a2> (38)

DHEprusi ¥ MarHuTHOE MOJIE

K2 ch a
x>, B= k——%. (39)

E=—
2ma? e (r? + a?)

[TommbIit TOTOK 1Yepe3 BCIO MJIOCKOCTH KBaHTyeTcT © = kQWTﬁC

Hcnosb3yem 3aMeny nepeMeHHbIX

- 2—1a(a VD). (40)
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Bosnosast pyHKIMS:

k+l1

k—1
T 7 e2Xt

="t —1)7 57 (t—1)

41
« HeuC(dy, +(k — 1), k + 1,0, %(k2 _py 4 i@ oy

Yenorue noaunomuaabroctn ¢gyukimit HeunB, HeunC npegcrapisier n3 cedst mapy
aareOpanvIecKux ypaBHEHUH ¥ MOJHOCTHIO OIPEJIEseT JTUCKPETHBINA CIIEKTP B 0DOMX
npumepax. HeobxoumMo Tak»Ke ydecTb PeryasipHOCTh BOJHOBBIX (DYHKIMH B TOUYKE
r = 0.

B I'm. 3 paccmorpenbl napbl KOMMYTUDPYIOHIMX JUudDepeHnaibHbIX OlePaTo-
POB, CBsI3aHHBIX ¢ KBaHTOBbIMEH BoJiikamu. B Pazjerne 3.3 npuBesieHbl KBaHTOBBIC
AHAJIOTH WHTErPUPYEMbBIX BOJUKOB, TaKnX Kak BoJuku Kiebrra, Kopasesckoii, ciy-
qait [opsiueBa—Haribirna wa anrebpe e(3), a B Pazgene 3.2 — Bosrukn lorTrn—
Manakosa, CrekiioBa, M. Anepa—san Mépbeke, CokomoBa Ha anrebpe so(4). Ksan-
TOBaHME, 10 KpailHell Mepe, MOC/eIHIX JBYX BOJTIKOB SIBJISETCs HOBbIM. B pesysibrare
KBAHTOBaHWsA, I00ABJISIIOTCS COOTBETCTBYIOIIME KBAHTOBBIE MOMPABKK B FAMUJIBTOHUAH
1 JIOTIOJTHUTE/IbHBIA MHTErPaJ 3THX BOJIKOB. IloKazaHo, 9TO B psjie CaydaeB MOKHO K
KBa/IPATHIHON 9aCcTh BOJIYKA J00ABUTh HEKOTOPYIO JIMHEHHYIO 9acTh. [ eHeparophl co-
OTBETCTBYIOIINX aJredp MpeJcTaBiIeHbl B Buje And hepeHnnaabHbIX OMepaTopoRB mep-
BOI'O IOpsijiKa — aHaJjoros Koopauuar lapOy. I1pu nojcranoske muddepeHimaabHOro
[PeJICTABJIEHNs] TUX T'€HEPATOPOB B MaMUJIbTOHWAH W B COOTBETCTBYIONINN JIOTIOJIHMU-
TeJbHBII MHTErpaJl 9TUX BOJIYKOB, MOJIYUIAETCS MMapa KOMMYTUpyonux juddepeniu-
AJILHBIX OITEPATOPOB.

Paccmorpum kiace anddeperiuaibHbIX OMepaTopoB, CBSI3aHHBIH ¢ KBAHTOBBIME
osrukamu Ha so(4) u e(3). Coorsercrayonuii oneparop H nMeer BechMa CleIab-

HBII BUJT

H = () D%+ 2f(x,y) D, Dy + b(y) D2 + . .. (42)

rjie a, b MHOrOUIeHbI 4eTBEPTOl crenenu, f(x,y) OUKBaJApATHIHbBII MHOTOUICH, MHO-
roroune 0O03HAYAET MJIAJIINE YJEHBl TaKxKe CO CIeIUATLHBIMUA KoM DUIMEHTAMI.
Takoil BuJ| cjeJlyeT u3 TOro, 4To B reHeparopax aareopol JIu raMuabTOHUAH KBaJl-
paTuveH, a TeHepaTOPbI JIMHEHHBI TT0 MPOU3BOJHLIM (CM. HUXKE), HampuMep, Ha so(4)

nMeemM

H=(U,AU) + (V,BV) +2(U,FV) + (¢,U) + (d, V). (43)
CxeMa CBsI3M pacCMaTpPpUBAEMbIX CIIOCOOOB KBAHTOBAHMUSI

KBaHTOBaHMWe HA ajrebpe Jlu

{H K} =0 > [H,K] =0

w | | i

KBaHTOBaHHUE B IepeMeHHbIX /apOy ~ o
{HD,KD}:O > [HD,KD]:O
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3mech R obosuagaer nipescrapienne ckooku Jlu—Ilyaccona B nepemennnix HapOy, Hp
obpa3 ramusibronnana H mpu JBoiCTBEHHOM oToOpaskenuu, To ectb Hp = R*(H) =
HoR. Anajioruaso, R obosHauaer npejicrasjienue ajreopol JIu juddepenimasibHbIMu
orepaTopamu, n Hp = f{*(ﬁ ) = HoR. ['opusonTa bHBIE CTPEJKN 3aKII0YAI0TCA B
nepexoje ot ckobku Jlm-Ilyaccona xk kKommyTaTopy Ha aJjreope JIu u B mepexojie or
ckobku Ilyaccona—/lapOy k aJiredpe [eiizenbepra

{pz’,%’} = 5@3‘ — [Dajmxj] = 5@'-

Pacemorpum asirebpy so(3). [lpu kBanTOBaHMM Mbl IEPEXOJMM K OIIEPATOPHOM aJi-

rebpe
Ui, Uj] = iijrUp, (U, U) = j1(j1 + 1), (44)
JlonycKaoieit mpejicrapiaenne JuddepeHnnaibHbIMU OllePaTOPaMu
~ 1 . A L, o .
Uy = —5(1‘ —1)D; + j1z, U= —E(f +1)D, +ijiz,

Us = —xD, + 1. (45)

Anrebpa Jln so(4) =~ so(3) @ so(3) peanmsyercss Kak mpsMas cyMma ¢ jayOsem, B

KOTOPOM CJIEJIAHBI [EePEOBO3HATCHHSE
U=V, 2=y, pir—p, s1—>s, U=V, D,— D, ji— Jo.

[TosicranoBka reseparopos anredpbl so(4) B ramusbronuan (43) npuBojgur jiiist J06o-
PO MHTErPUPYEMOro BOJUKa (KJIACCHUYECKHe CJIydau, mepedrcyientbie panee) Ha so(4)
K BUY (42) B TJIABHOM TPUOJIMKEHUH, TIPUIEM BBITOJHSIETCS HEOOXOUMOE YCJIOBUE

unrerpupyemocru (Pazsesn 3.5)

f@,y)? — a()b(y) = w(z,y)w(z,y), (46)

C HEKOTOPBIMM MHOTI'OUJIEHAMU W, W.

B I'n. 4 wuccnenyercs meTos moytyueHus mpeobpaszoBanust Bek iy a JjarpankeBbIxX
CUCTEM, 3aKJIIOUAIOIIUICS B MUHBAPUAHTHOCTY BapUallUK JIEHCTBUA JIO U 1IOCJIE TPUMEHEe-
Husi npeodbpazopanus bekayuaa. B Paznese 4.1 paccMOTpeHbI TaK Ha3blBaeMble U — U
cucreMbl Tula Hejsuneitnoro ypasuenus [lpejpunrepa. [Hosydyeno ux npeobpaszoBatue
K TaMUJIbTOHOBOH (hopMe ¢ KaHoHMYecKoit ckobkoit [Tyaccona.

3nech Mbl Oynem obosHadarh cuMmBosamu H, L, F — raMUJbTOHHUAH, JIATPAHXKK-
aH U IPOUBBOJISAILYIO (PYHKIMIO KAHOHUYECKOI'O 11peodpa3oBaHusi COOTBETCTBEHHO, a
cumBosamu H, L, F' — mJIOTHOCTH COOTBETCTBYIONINX BeJWYWH. B Tex Mecrtax Tekcra,
TJIe 9TO HEe MOXKET MPUBECTH K HEJOPa3yMEHUIO, Mbl OyJIeM HCIIOIh30BATh BhIpaskKeHUe

"raMUJIbTOHUAH BMECTO TIJIOTHOCTH raMUJbTOHMAHA U T.II.
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B Paznene 4.2 nosyvena nponsBozsiinast hyHKINS KAHOHWTIECKOTO Mpeodpa3oBa-
HUsI, HE MEHSAIOIIEro BapHUAIMi0 raMUJILTOHUAHOB IIPU NpPUMEHEHUHU peoOpas3oBaHusd
BekJiyH/1a, 9TO 9KBUBAJEHTHO COXPAHEHUIO Bapualuu jeiictsus. [losydensl nponsso-
Jsite (DYHKIMKW JIUIST Psijia TPUMEPOB TaKWX, KaK JINBEPreHTHBIE CHCTEMBI, ypaBHe-
nue Jlangay—JIudmmua, ypapaenus Kn®, ypasuenns Kpudesepa-Hosukosa u apy-
rux cucrem. Murepecno, uro takue ypaBHenus, kak Ki® u ypasuenune Kpuuesepa—
Hosukosa, yjaJioch 3amucarb B JlarpaH2KeBoM Bujie. PaccMoTpuM JjiarpaH:KeBy CHCTe-
My ¢ geiicreuem S. Ilycrs dbyukmnus u(z,t) gBasgeTcs pereHueM COOTBETCTBYIONErO
ypastenust Ditsiepa—Jlarpanxka, r.e. S[u] = 0. Oupejenum npeobpasosatue BekiiyH-
na Takoe, 9o 0S[u] — dS[u] = 0 = 0S[u] = 0. Paccmorpum mpumepsr.

1. Kanonnueckas ckoOka Ilyaccona. /leiicTBue BoibepeMm B Bujie

S = /dt/dx(pfh — H).

Ecaun § [ dt [ dx(pg: — pg:) = 0, o upeobpaszosanue (p,q) — (P, q) onpeaensercs
C TIOMOIIBIO TPOU3BOJIAIEH (DYHKINE KAHOHUIECKOTO mpeobpasoBanust Fq, ¢ :

0Flq.q) . 0F|q,q]
= —— 72 47
['amuiibTOHOBA cucrema
oH|[p, q] OH[p, q]
qt 5p y Pt 5q ( 8)

Onpepenienne 4.2 Oyuknusa Flq,q] = F(q,qs, ], (y) HA3BIBACTCA TPOU3BOJIsA-
meit GynKnmeit kanonuveckozo npeobpasosanus Bexaynda nyis TMHAMAYECKO CHCTe-

™Mbl (48), ecam cymectByer GyHKIws o(q, G|, Takas 4To

~

. d .
HIp, 4] — Hlp,q] = ——olq. ql; (49)
x
r7ie p, p onpesesienst hopmynamu (47), 160 B 00IIEM CJlydae BBIMTOJTHEHO COOTHOIICHUE
S(H[p, ] — Hlp,q)) = 0. (50)

B cuiy aToro onpejesienns u GpopMmy.

_ 0l @] _ OFlgn1 el Ol Gt | 0F (G0t G

=0

n

npou3BoJiAiast (PyHKIUs MPUBOJUT HAC K JarpaH>KeBOil (popMme IEernovYku ¥ 3aJiaeT

WIOTHOCTE F'[qy, ¢ny1] JTArpamKuana;

5/deF[qn,qn+1] =0. (51)
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[Tpumep. Cucrema JleBn ¢ raMuIbTOHHAHOM

H = —pqes + pg> + p*qe

MMEeT CJICAYIONLYIO MPOU3BOAAILYI0 (DYHKIMIO KAaHOHMYECKOro Ipeobpasosanust Bek-
JIYHJIA

F = G, log(G,) — g, log(ae?™ + ) 4 de?™1.
[Ipu « =0, B =1, § = 1 nosyuaem sarpamxkuat nenouku Bosbreppsr (51), B 061iem
caydae - JarpaHKuaH PeJIATUBUCTCKOM 1ernodykn BoJbrepphl.

PaccmoTpum jarpamKXuanbl BHAIA

L= [dr(ad: ~ Ha...). (52)

OkasbiBaercs, uro o = +1. B ciyuae a = 1 nonydaem cucrembl Ka®, runepbosinde-
ckue cucrtemnl u Jp. [Ipn o = —1 nmonydaem ypapaenne Kpuuerepa-HoBukosa.
B Paszjiesie 4.3 Briepsbie 1noJiyueHo rpeobpazoanne bekiynia st ypapuenust [{u-

HeﬁKI/I, comepzKaniee TOJILKO IIOJIEBLIE IIEPEMEHHDBIC 1 NX IIPOU3BO/JHBIC 110 KOOPpAWHATAM.
bus =P = 55 =0, S [dvdtioe — H@) H() =2+

Kanonndeckoe rnpeodbpazoBanue BekjiyHjia B 9TOM CjIydae UMEeT BUJL

b_é]-"[A]
A

meA=¢—¢, B=d+, a=d,— s, b= ¢, + .

Umem npeobpazosanue Bekiiynia B HauboJiee npocToit (hopme, BO3MOXKHOM B JIaH-

(53)

HOM CJIyvae
F:/da:f(a,A) < b= fa— azpfoa — afon. (54)
Kanonuieckoe mpeobpazosanue (54) ssasiercs [1B B Tom 1 TobKO B TOM citydae, ecin

(o) — h(¢) = 2”1 (A) — e Pg'(A)g(A) = 8, W (a, A, B),

1)
g(A) = e p e 2 (53)

Mozkro yiosiersoputh (55) u HaiiTu npousBogLyio Gynkiwio F(a, A) npu ycio-

0,[eP2Z(a, A)] = —eB%g/(A), 0,[e PR(a,A)] = —e B¢ (A)g(A).

ITepBoe yciioBue naet

/
A
fo=2logZ, fa= —2g(Z ) = g (A)Z, — Z4Z =0 <= g(A)+aZ = s(Z).
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Bropoe onpeniessier Henspectryto byHKIMO S(7)

g(A)?
v7?

s(Z)=vZ® R=-—

Urak, naxomum Z(a, A) nz xkybuueckoro ypapnenns vZ° = g(A) + aZ, unrerpu-
pyeMm ypaBuenue f, = 2logZ u HaxomuM ILJIOTHOCTHL HpousBojsiiein dyakmuu [1B
F(a, 4).

Won:

b
—5Z =1 +9'(A), Zy=aZs+a,Z., Z(a,A): vZ>=aZ+ g(A).

[IpeoOpasoBanue Bekiuynia ypasuenus Lumneiiku B 0BOJIBHO IPOMO3/1KOI hopme Obl-
710 oJtyaeHo B pabore |32]. Ilo-Bumumomy, 310 peobpazoBanue He npuBouTces K 115,
noJiyaeHHbIM Boile. [lonyuennas B qannoit ['mase dpopma [IB st ypapuenus Luneiikn
SIBJISIETCS] HOBBIM TIpMepoM B dopme (53).

B Pazjesie 4.4 nocrpoena TpeyrojibHas pelieTka peodbpasoBaHuil Bekiymna Jiist
cucreM Tutla HejsimHeitnoro ypasuenus pepunrepa. Ilpusesem 3jiech nanbosiee nnre-
pecHylo pereTky Takoro tuia — perierky 1B mogenn Jlanpay—JIudimmia B ciimnoBoit

dopwme:

W, = [W x bS], W, =[W x (h[S x S,] + det(h)h~S)], (56)
S == S(Qm—l,m; Qnm)y W — S(Qn,m—i—h qTH-l,m—l)?

a TaKzKe OHpe,II;eJH/IM BeKTOp 52
= qq—1 qq+1 q+q
S(q, Sy Sy, S 57
(4,q) = (S, Sy, 5.) = (q_q - q_q) (57)
V3

Bamerum, 4ro QYHKIUS ¢y, PACIIOJIONKEHA B TOUKE (1, Tm) IPABUJILHON TPEYTrOJIbHON’

PEeIeTKH.
Juaronanusyem Tensop h : h = diag(hq, ha, h3)
u BBEEM Jmaronanbublii rensop J = diag(Jy, Ja, J3).
[TockosibKy MbI BBIMKCAJIN ypaBHEHWE Ha JMHAMUKY 10 = u t, 10 cucremy (56)
MOXKHO paccMaTpuBaTh Kak mnapy Jlakca mirs moxenu Jlammgay-JIndimuia; ycioBue co-

IJIaCOBaHUSL ITOW naphl jlaeT 0ObluHOe ypaBHenue Jlanjay-Jludimmna:

— — A

Si =18 x (Ser + J9)), (58)

1pu ycjosuu h? — h2 J;j—Ji.
B Pasznesie 4.5 usydennl Bce mpeobpa3oBanus Dekiynjia WHTErpUPYEMbIX CJIyda-
eB cucreMbl [IaBu—Crioaprcona. KoMOuHupyst 3T mpeodpas3oBaHust U UCIOJb3Ys IIPe-

obpazoBanusi Muyphbl, 1nepeBojisiiiue 2-MepHYIO HENouKy 10Jjibl B 2-MEPHYIO IEIOYKY
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BoJsibreppsl 1 Jlajee B 2-MepHYIO 1ernouky leiisenbepra, nocrpoeHa TpexmMepHast OKTa-
y/ipudeckasi perrerka mpeobpaszopanuit BekyHaa B Buje ypaBuenuit Xuporsl. OgHO U3

ITHUX ypaBHeHI/IfI COBIIaJIa€T CO SBHAMECHUTBIM YUCTO JUCKPETHBLIM YPaBHCHUEM XI/IpOTbIZ

Tht1mTh—11m = Thi+lmThi—1m = Thlm+1Tklm—1- (59)

OcraabHuble YpaBHEHNWs pEHIETKH AOBOJIBHO I'POMO3JIKHU, U Mbl OTCBbLJIaEM YHUTaTEJIA K

TEKCTY JUCCEePTAIUN.

B I';t. 5 wuccienyercs cuHTE3 MeTOjia OJIeBaHUA U pa3jeseHus IepeMEeHHbIX B
JIBYMEPHOM CJIydae, a UMEHHO: OJICBaHKe MAMUJIBTOHUAHA, B KOTOPOM IIEPEMEHHbIE U3~
HAYAJIBLHO Pa3JIeJIeHbl, IPUBOJIAT K WHTEIPUPYEMOMY TaMUJIBTOHUAHY, B KOTOPOM pa3-
JIeJIeHUsI TIepeMEeHHbIX yaKe HeT. MeToJi IpuMeHeH K OJHOI M3BECTHOI 3ajade, pele-
HUE KOTOPO# ObLIO paHee IMOJyYeHO MyTeM [EelHOYKM HETPUBHAJbHBIX MAHUITYJISIIIUIA.
[Ipumenenue Meroa ojieBanust (ToUHee pasjeBaHWsi FAMUJIBTOHHAHA, B KOTOPOM HET
pasjieeHust ePEMeHHbBIX JI0 TAMUJIBTOHHAHA, TJIe 9TO Pa3JIeJIeHIe MOABIISETCs) B 9TOM
cjaydae, 103BoJisier Jjierko Hajitu orset. ITogxos 0606iienH 10 obIero ciay4dasi KBajipa-
TUYHBIX 110 OIEpaTOpaM MMIIYJILCOB raMUJILTOHUAHA. MeToji npuMeHeH JIJisd OIepaTo-
poB Tumna onepatopon Illpeanarepa ¢ MmarauTHBIM noJeM. B Paznene 5.1 nccnenosan
clIydail, Korja ojeBaoliuii oneparop umeer suj S = 0, — 0,. B Paznene 5.2 paccmor-
peHo oJieBaHKe ypaBHeHus ditnepa—/lap0y.

B pazgene 5.4 uccnenyorces cucteMbl Tuma ypaBuenud Illpeanarepa. Mbl ncmnosb-

3yeM OOBIUHbBIH BUJI OJ€BAHNS:

HS = SH. (60)

PaccmoTpum oeBanme, COOTBETCTBYIONIEee cucTeMaM Tula ypapHenus lllpemnwarepa c

Mal'HUTHBIM I10JIEM:
H = t(z,y)h, h=(9;+3; +ui(z) +us(y)). (61)

Omneparop S Mbl BbIOMpaeM B Bujie

1

S = m(aﬁcb(:v,y)@ﬁf(x,y))- (62)

Bnecw T'(x,y), ¢(z,y), f(x,y) — npoussosbbie QyHkun, npudem 1'(x,y) — 9uCTO Ka-
JIMOpOBOYHAs (DYHKIMS U BhIOMpaeTCst n3 coobpazkenust yoocrsa. Oneparop S siBJisi-
ercst HanboJiee OOIIMM JIBYMEPHDBIM JIMHEHHBIM OIIEPATOPOM, B YeM U COCTOUT OCHOBHOE
OTJINYNE OT IUTUPYEMbIX Bbitie pabor [13],[33], rie omeparop omeBanust coorBeTcTByeT
ciaydaio ¢ = =1. [Tosromy Juisi TOro 9TodbI COXPAHUTH BEHIECTBEHHOCTDH 11PEoOpa3o-
BAHWIA, Mbl BBIHYXKJIEHLI BLIOPATH OJEBAEMbIil W ONETLIl raMUJILTOHHAH B BHUJE, LIE
oIepaTop MMIIYJIbCa 3aMEHSIeTCsS Ha OOBIYHYIO Npou3BogHyio —iV — V., a 3HauuT,
MbI OyJieM roBopuTh He 00 ypasuenuu [lIpenunrepa, a 00 ojeBanuu oreparopa THIIA

[peaunarepa.
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Omneparop H mociie ojieBannsi:

~

H=t(x,y)h, h=(0:—Ai(2,9)* + (8, — Ao(z,9))* + U(z,y)).  (63)

Ormerum, uro Bejenne yHKImUU t(T,y) pacliupsier KJIAcC OlepaTopoB OJeBaHUE,
OJIHAKO, TIPH t # 1, ojleBaHMe MTPOUCXOAUT TOJHKO JIJIsT BOJHOBBIX (DYHKIINI ¢ HYJIEBHIM
cOOCTBEHHBIM 3HAUEHUEM omepaTopos h, h.

B srom ciydae nosydaem:

1F"(z)  3F?2(z)
2 F(z) 4 F(2)

2 2 _1G"(y ) 3G"(y)
—WF (@), ua(y) =5 Gly) 4G(y)

— 1*G(y)*.

uy(x) =

Bosmosas dyuxmums 1 (z,y) = ¢1(x)e(y) (HymeBoe cobcTBenHOE 3HAUEHNE)

1

() = a )(aleﬂfdxF(x)+a2€—ufdxF(x))’
x
wz(y) = é( )(bleﬂfdyG(y)_*_bze—,ufdyG(y))'
Y
Operast BoHOBasT (DYHKIAST 1)
1;:5'@&: 2# abeufd:cF z)+[dy Gy )—agbge u( [ dx F(x)+ [ dy Gy )).

L FWOW) e LOWE ()~ )G
Pemer oy @Y T e ven
[ToTenmnat
_ Gy F'x) Fx)  G'(y)
Vo) =00 = ) P + ) Gl) o) + PG
G*(y) G*(y) +3F%*(x) " F*(x) F*(2) +3G*(y)
P (P + ) O 6y )+ ey Y
¢ npou3BosibHbIME yHKIMsAME F (), G(2) 1 mOoCTOSTHHOI 1.
OrmernM, 9T0 (DYHKIINK ¢, T CBI3aHBI COOTHONIEHAEM
Sy — ¢Pa, _
ty + Pty — 2——5——— a1 (64)
[TojpcranoBka )
w(Z L,
RZEYZ )

(e Z- npousBosibHast DYHKIUSA OT T W Y, a W- MPOU3BOJIbHAsT DYHKIMsT OT Z) T0JI-

HOCTBIO HHTErpupyeT coornomenne (64).
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B cayuae t = 1 noayvaem u3 coorHorenusi (64), 9T0 BBINOJHIETCST yPABHEHUE
Xonda ¢, = ¢¢,, T.e. U3 IPOU3BOILHOIO PEIICHUs yPaBHEHUs diiKOHA A MOXKHO I10-
JyduTh perenue ypastenue Xoiida, uctosbdys (65). Bepro u obparhoe.

Cayuaii t = 1 paccmorpen B ['1aBe 5, 3aMeTnM, 9TO B 9TOM CJIy9ae B TaMUJILTOH-

aHax h, h mepeMmeHHBIE He pa3jiesieHbl, a MarHUTHOE I10JIe He IIpeobpa3yercs.

B I'm. 6 B Pasnene 6.2 paccMarpuBaloTcs palfoHaJbHbIE PelleHns psaja JuHa-
MUYIECKIX CUCTeM THUMa HeJauHeiinoro ypasuenus [lIpennnrepa, B 9acTHOCTH, CHCTEMbI
Jlesu. Tlosydennl ypaBHeHust JIMHAMUKK TOJIOCOB M Ipeobpa3oBanust bBekjyHjia s
Tux pemntennii. [lokazano, 9To BO3ZMOXKHA pEeTyKIHMS ITUX PEINIeHnil B pallioHaJbHbIe
petienus ypasienusi [lensiese PIV, nipuyeMm ypaBHeHUs! JIMHAMUKU 110JIIOCOB I1E€PEXO-
JISIT B CTal[MOHAPHbBIE YPaBHEHUS JIJIst JIBYMEPHOI'0 KYJOHOBCKOI'O ra3a B rapabosude-
CKOM TIOTEHIAAaJIE.

Hunamuueckasi cucrema JleBu umeer Buji
a; = Op(ay +a® + 2ab+va), by = 0p(—b, + 2ab + b* + vb). (66)

Ucnonb3yst anaiu3 ocoOEHHOCTEH 1 acUMITOTUK perieHuii cucrembl (66), HeTpyHO

1oKa3aTh, YTO 00Ilee parMoHaJbHOE PEIIeHUe 3TOW CUCTEMbI UMEET B/l

a—ozx—l—ﬁ-FZ _Zx—v’

IpUYEM 3aBUCUMOCTL OT BpEeMEeHM Beauunn «, o, 3, B onpenensiercs ciepyomyumu

, (67)

l’_

yPaBHEHUSIMHU:
a; = 2a(a + 2d'), o) = 2d/(a’ + 2a), (68)
B = Bla+2d)+a(B+28 +v), 8= +2a)+d (8 +26+v).

[Tycrb suement a upunajiexur nabopy {a} (r.e. a € {a}), upuiem 1ucsio 1eMeHTOB

Habopa He duxcupyercs. st ynpolenns 3ainmuc BBeIeM CJejyomre 0003HadeHnsl:
Zf(x—a Zf:c—a Zfa—a) Z fla—d).  (69)
ac{a} a'ef{a},d'#a

[Togcrapisist (67) B (66), MOJSYyIUM cUCTEMY, OMUCHIBAIONIYIO JHHAMUKY MOJIOCOB
panyoHaJLHBLIX pellenuii cucreMol Jlesu.

BBGZLGM HOBbBIE HepeMeHHble
w=fw+tg, v=[vtg 0= fW+g, (70)

npuieM

fi==2(a+d)f, g =2(a+a)=2(8+5)—v, di= —2%.
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[Toncrasisist (70) B cucremy, ONMUCHIBAIOIILY O JIMHAMUKY TTOJOCOB, MMEeM

1 1 . 1 1
WS:ZW_W/_ZW_VVV’ Wﬁ:zw_w_zw_w, (71)

U aHaJIOTMYHbIE YPpaBHEHUA IJIA V.

13 coornomtenns (71) MoxuO mosyuuth cucremy Kasmomkepo-Mozepa:

1 1
Wee =2 (w_wip Ve 72 > vy (72)
Mcnosb3ys npeodbpa3oBaHue
ay = a(b—b), b, = b(a — a), (73)

noJiyuaeM 1peobpazoBatue BakJjiyH/1a jijist 110JIFOCOB pallMOHaJIbHBIX PEIeHU CUCTEMbI

JleBn, a Takxke cucrembl Kasomxepo-Moszepa:

1 1 1
_Zw—w+2zw—w’_zw—uﬁzo’

1 1 1
_Zv—@—’_QZU—U’_ZU—@:O'

DTa cucTeMa MOXKeT ObITh PACCMOTPEHa, KaK JIUCKpeTHoe ypaBHenne KaJjokepo-Mosepa.

(74)

B Pazjienie 6.3 npejicrapienue KyJOHOBCKOI'O 'a3a 1oJiydeHo Jiis ypaBHenuii [Ten-
nese PII — PIV. BoiBesienbl ypaBHeHUs Ha HYJH U MOJIOCA PAllMOHAJbHBIX PeIleHni
ypasuenuit PV — PV I. C noMomibio raMiuIbTOHOBA (DOPMATIU3MA IIOCTPOEHO CIIMHOBOE
npejicrasjienue Jis ypasuenuii [lensene.

B coBpemenHOIi jtuTepaType NPUHSATO PACCMaTPUBATHL CJCYIOIIUE IIECTh YpaBHe-

uuii [lennese (a, b, ¢, d— uncia):

Pl w,, :6w2+x,
PII: w,, :2w3—|—xw+a,

2 - 2 b d
Pljlwmx:%_w?‘k%ﬁ—mﬂ?)‘kan
2 3w? b
PIV:wm:%—k%—kélxwz—i—ﬂx?—a)w—ka,
1 1 w 2 b, cw dw(w+1)
PV Wy = (—+—— 2_ T4 = —12 — —
w (2w+w—1)wx x+a:2(w )(aw+w)+x+ —
1.1 1 1 1 1 1
PVI: wy, =—=(— 2_ (= N
VI w Q(w w—1+w—x)wx (a:+x—1+w— Juwst
w(w —1)(w — x) bx c dx(x — 1)
it Y PR B Wit Sl
2?(x — 1)? a+uﬂjL (w—l)Q(x )+ (w—x)?

Bee ypasuenus Ilensiese, kpome niepsoro (r.e. P11 — PV 1), Moryr uMerh MoJiBxK-

Hble 0cOObIe TOYKM B BHJIE IPOCTHIX HOJIOCOB, IPUYEM pPeIleHre BOJIU3U STUX 0COOBIX
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TOUYEK BejleT cedst CJIeAYIoNIM 00pa3soM

w(z) = " z . +g(z)+o(z)(x—2), x— 2z (75)
3aps)] ¢ (BbIUET) HE 3aBUCHT OT MOJIOXKEHUsT TmoJoca jis ypasueuuit PII, PIT] u
PIV, npuuem q = =const, (¢*> = 1 past ypasuenuit PIT u PIV). Oyuxuust g(z)
nist ypasuennit PII, PITI w PIV wne 3aBucut ot 3apsga q (st ypasenwit PV n
PV1 510 He Tak), n IpUMEHUMA, CJIEJYIOIIasi MPOTeypa JIJis TIOCTPOCHUsT YPABHEHUIA

KYJIOHOBCKOI'O ra3a: obiiee palioHaJbHOe pelienre ypaBuenuii [lensiese umeer Bu/y

ww) = az+ 4+ - (76)

ucnosib3yst (75), nmeem
g(x;) —ax; — = E : (77)
:’EZ - x]
[Tosichum cMmbICsT TepMUHA, "KYJOHOBCKUH 1a3” - OlpejiesiuM MOTEHIAaAJ

u(z) = —G(x) + %osz + Bz, G'(x) = g(x),

TOT/1a, BAPbUPYS (DYHKITMOHAJ SHEPTUN 3aPSAKEHHBIX YACTHIL IO TTOJIOYKEHHIO 3aps 0B,
Ly
E = Z qiu xz + Z q:iq; log - xj): (78)
1>]
B3aUMOJICHCTBYIOIINUX 110 JIByMEpHOMY 3aKoHy KyJloHa 1 HaXOJSAIIMXCS B MOTEHIHAJIE,
noJiydaeM cucreMmy ypasuenuii (77).
Ypasuenust [Tensiese siarpanrkesbl. Bee miornocru Jjiarpanxkuanos ypasienuit [le-

HJIEBE MOXKHO IMPUBECTU K BUAY

1

L‘:C(w,a:)—m

(wf +B(UJ,[C>)2, (79)
II03TOMY yJIOOHO BBECTH TAMUJILTOHOBO ONMCAHUE ITHX JAIPAHKUAHOB
L = pw, + Alw, sc)p2 + B(w, z)p + C(w, x), (80)

neiicrBuTesbHO, nekovasd p u3 (80), nomyuanm (79). Famusibronosekas dopMa omuca-
uust ypasrenuii [lensiee Obuia BBejieHa B pabotre [34], (em. rakxke [35]). Do onucanue
OYeHb yIoOHO I MOJIydeHust npeobpasosannii Beknynga mus ypasuenuit [Tennese

(kpome TepBoOro) B yHUBEpCAJIBHOI (hopme

D

1
e e+ Blw,a) =p = =

2A(w, z)

: (81)
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npuydeM KO3I(M@PUITUEHTHI raMUJILTOHUAHA UMEIOT BHU/L

A = asw?® + asw? + aqw + ag, B = byw? + bjw + by, C = cw, (82)
npeobpazoBanusa Beksynia AeiHCTBYIOT Ha HUX CJICIYIONM 00pa3oM

a; = a;, by = b — 3asD, by = by — 2a9D, 60 = by — a1 D, (83)

C1 = bgD — CL3D2, 61 = 2@3D2 — bgD

[IpeobpazoBanust beknynua juist ypaBuenuit [lenaeBe ak TMBHO M3yJaJiMCh MHOTH-
MU aBTOPaMH, OJIHAKO, CJIEIyeT OTMETUTh MMOHEPCKYIo pabory ['pomaxa [36], a Taxxke
crarbio Absosuiia u @okaca [37]. Bamerum, uro I1B ypasuennii [lensese B srom Pas-
nesie GyjyT UrparTh BCIOMOIATeJbHYIO POJIb - OHU HEOOXOJMMBI, Y4TOOBI OMPEJETNTh
raMUIbTOHOBBI TapameTpel A, B, C| D, 3akoH uX mpeoOpa3oBaHUs 1 ONpe/eJeHre Ta-
pamerpoB ypasrenuii [lensieBe depes sru napamerpbi.

Vcnomn3ys (80) u (81), MOKHO TOJTyIATH JUHAMAYIECKHAE CIIHHOBBIE CUCTEMDI, IK-
BUBaJIeHTHBIC ypaBHenusM [lennese Py (Prp — Pyy) -

. - ~ H o o ~
@S =§x ), H =58+ (03), $-p% ()

rje
vir = Viy — 1, vVrrr = Vy = I, vyr = a:(a: — 1), (85)

a BEKTOp CruHa S U raMUJIBTOHOBA TTapa (P, W) CBI3aHbI CIEAYIONUM COOTHOIIEHUEM:

DOM(w) -
—— Mw) = (w?—1, iw*+1, 2w). 86
S, NH(w) = 2w (s0)
Herpy/iHo HaiiTu TeH30p aHU30TPOLMK 17 U MATHUTHOE 10J1e h J, BXOJISIIIIAE B DAMUJIb-

tounal Hj; B ckajsipaoii popme
r(w,z) = (M(w)(z)M(w)) = v(z)A(w, z), (87)

h(w,z) = (M(w)h(z)) = v(z)[Blw,z) - gv‘lw(w,w)l-

I/IHTepeCHO OTMETUTDL, 9TO I'aMHUJIbTOHHWAH HJ OIINCBbIBa€T JUHAMUKY CIIMHa JIJINHDBI D
B IIOJIC aHU30TPOIINN I n B MarauTHOM TIOJIE h, IIpU4€EM IIPOU3BOJIbHYIO CUCTEMY BHJa

(80) mokHO nmpuBectu K By (84) B TOM cityuae, eciu

D D
Cw:_wa__
| 3

5 Awww), (88)

T.€. JIOJDKHO OBbITh BBINOJHEHO YCJoBKHe HHTerpupyemoctu (83).

B I'm. 7 paccmarpuBaercst kjiaccudukalus CKaJsipHbIX yPaBHEHUN C KBaIpaTHY-

HOIl HEJIMHEHHOCTDHIO ¢ MoMOINbIo napbl Jlakca B npencrapiennu Oypbe.
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B Paznenie 7.1 paccMarpuBaioTCsi CAEIYIONINE CUCTEMbI:

%um )+ Y w(pnp2)up, (tup, (t). (89)

p1+p2=q

[Ipencrasienue Jlakca st ypaBuenusi (89) BBINISIAUT CJIeAyrONUM 0Opa3oM:

Li=[A L, L=a+) Uy, A=B+> Viu, [ap]=0, (90)
p p

e «, 3, UP, VP - HekoTOpble He 3aBUCAININE OT BPEMeHH ornepaTopbl. IIpsivbie BbI-
GUCJICHUS TTOKA3BIBAIOT, U4TO Bhipaxkenus (90) sisitores napoit Jlakca mis ypaBHeHUs

(89) B TOM M TOJILKO B TOM CJIydae, ecJiu
V2, U + [V, UP] = 2w(p, )U™, B, U] + [V, a] = w(p)U". (91)

MoxkHO ucroib30BaTh CJiejlyloliee MaTpUuIHOe IpeJiCTaBJIeHue i OlepaTopoB B
npoctpancTse Oypne

ape = (k)okk B = B(k)Okw, Uy = Uk, p)0kssps Vi = alk, p)Okprrp.  (92)
[TogcraBum onpenenenns (92) B mpeacrasienus Jlakca (91) u mosmyanm:

a(k,q)l(k — q,p) + a(k,p)l(k — p,q) — a(k — q,p)l(k,q)—

(93)
—a(k — p,q)l(k,p) = 2w(p, )l(k,p + q),

a TAK¥XKe

(k) — a(k = p)la(k,p) = [6(k) = B(k —p) —w(p)]I(k,p). (94)
B nojpaszsene 7.1.1 noJiyuena mnoJsiHas KjaccuduKalms 0e3UCIePCUOHHBIX YpaBHEe-
anii Buga (89). Ypasuenue (93) ompesesser Bce BO3MOXKHBIC KBAIPATHIHBIC UTCHDI
ypasrenus (89). Cpeju 6e3/MCIIEPCHOHHBIX yPABHEHUIT 110JyUY€Hbl TaKKe U3BECTHDIE

cucrembl, Kak cucrema Kamacca-Xosima, [eracnepuca, a Tak»Ke eCTh HOBbIE CHCTEMBI.

YpaBHeHne, OnpeeasdeMoe COOTHOIEHUIMI

w=mu, my=B(pu,, B(p)=>b(—p)—>bp),
b1 — M) = by(1 — ehe) (95)

)

ehll’ _ ehglﬁ

SIBJISIETCS HOBBIM M MMEET MHTEpeCHbIe NpuaoxKennd. B monpasznene 7.1.2 uccienyercs
BO3MOXKHBIH BUJI| jucriepcnn ypaHenunii Buja (89). st Toro, 4robbl gucnepcust cy-
mmecTBoBasa Obl, HeoOxonuMo BbinosiHenue u ypasuenusi (94). [osydenbr u3BecTHbIC
ypaBHeHUs ¢ Jucnepcueit, takue kak KnB, ypaBuenne mpomexxkyrtounoit Bosr (ILW).
AHaju3 MoKasbIBaeT, 9TO JAPYIUX CUCTEM B TOJKJIACCE JTUCIEPCUOHHBIX cUCTeM HeT. B

nojipazjene 7.1.3 paccMarpuBalOTCs BO3MOXKHbBIE 0000IECHUSI.
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B paszjene 7.2 nojiydeHo uucro ajredOpandecKkoe perrenue 3ajaqu Ko ogHoro u3

MHorogacTHIHbIX ~gold-fish” ypasmenuii Kamomxepo [38]:

i = 2i; i (96)
T
Cum. Tak>ke panuoHaJbHyto Bepcuto cucreMbl Pyitsenapca-Ilnaiigepa [39],[40].
PacemoTpuM anrebpandeckoe ypapHEHUe
P(z;(t),t) =0, P(&t) = [[(€ —=;(t) = P(§) =t Q(&), (97)
J
rie
(0
PO = Ple.0) = [T~ w0, QO =POY 9)

— CI?Z(O) ’

i

ONpeJIeNAIoNee BeJIManibl x;(t) W MOJHOCTHIO permatoriee 3ajady Kot ypaBHeHUsT
(96).

B BakarodeHnn JuccepTaliiy U3JaraloTCsd UTOTU BBITOJHEHHOT'O UCCIEOBAHNUSI,

JIEJIAI0TCST OCHOBHBIE BBIBOJIBI, OOCY K IAI0TCS MEPCIIEKTUBBI JIAJIHLHEHITIEro pa3BUTHS pe-

3YJAbTaTOB JUCCEPTAIINU, a TAaK2KE BOSMO2KHbIE ITPUJIO?KECHUA 9TUX PE3YJIbTATOB.
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