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Outline:

• Formulation of the main problem
• Model of the dimerized XYZ ladders
• Methods and approximations
• Brane order parameters, dualities, SSB 
• Lee-Yang zeros: topological numbers, Majorana modes, disorder lines and disentanglement
• Experiments to detect the brane order 
• Discussion of other papers pertinent to the thesis 



Landau Framework (Paradigm): E.g., Chaikin, Lubensky

Order parameter: magnetization, density, lattice 
displacement, superconducting wave function, etc.
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Spontaneous Symmetry Breaking



Example: 2D Ising Model

Scaling Relations

Universality
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0,  =1/8, =1, =1/4α β ν η=

Landau Paradigm, refined, beyond mean field:



Not so fast!!!

Examples:
Fractional Quantum Hall Effect (FQHE)
Mott insulators
Topological insulators
Spin and Majorana chains/ladders
Kitaev-Heisenberg materials

HUGE (!!!) literature
E.g., 
X.-G. Wen, Rev. Mod. Phys. 89, 041004 (2017);
Bei Zeng, Xie Chen, Duan-Lu Zhou, Xiao-Gang Wen, Quantum Information Meets Quantum Matter –
From Quantum Entanglement to Topological Phase in Many-Body Systems, Springer (2019). 

Fundamental difficulties: Order parameter, Symmetry breaking 
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N

M

N-string

NxM-brane

∏𝒊𝒊=𝟏𝟏
𝑵𝑵 ∏𝒋𝒋=𝟏𝟏

𝑴𝑴 𝑸𝑸𝒊𝒊,𝒋𝒋

∏𝒊𝒊=𝟏𝟏
𝑵𝑵 𝑸𝑸𝒏𝒏

Strings and branes

𝑸𝑸𝒏𝒏 𝑸𝑸𝒎𝒎

n m

Compare to two-point correlators (local order parameters)

N,M→ ∞

|m-n|→ ∞

Refs: den Nijs and Rommelse, PRB (89)
Berg, Giamarchi, et al, PRB (08)
Chen, Nussinov, J. Phys. A (08)
Montorsi, et al, PRB (16)

The augmented Landau framework  (paradigm):
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Order parameters: Unifying properties
Order Parameter (local): magnetization, density, lattice 
displacement, superconducting wave function, etc.

Non-local Order Parameter: string, brane parameters

Duality Transformation maps onto some dual local order parameter
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Modulated anisotropic 2-leg ladder: Results for this pattern will be discussed

Jordan-Wigner Transformation + Mean-field Approximation
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Staggered isotropic 2-leg ladder:

See more refs on this model in PRB (2011)
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Jordan-Wigner Transformation + Mean-field Approximation: Technical details

According to the Lieb theorem the ground state of a quadratic fermionic 
Hamiltonian on a bipartite lattice at half-filling is the π-flux phase. 
Imposing this requirement on the approximate Hamiltonian above
amounts to the approximation:
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The Hartee-Fock approximation for the fermionic interacting term:

we introduce the mean-field averaged parameters

We introduce the mean-field averaged parameters:

and the renormalized couplings:
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Jordan-Wigner Transformation + Mean-field Approximation: Effective mean-field Hamiltonian
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Staggered ladder:
The Hamiltonian matrix has four eigenvalues:

The model is gapped in general, however the gap

vanishes on the lines of quantum critical transitions shown in Fig. 3:

In terms of the Majorana operators:
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Inverse Jordan-Wigner Transformation + canonical transformationsMajorana Hamiltonian

The Hamiltonian maps onto two decoupled XY chains in staggered transverse field:

Spontaneous Symmetry Breaking
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Brane-Brane Correlation Functions:

Brane Operators:
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After relabeling ladder’s sites according to the path shown in Fig. 2, the brane operators can be 
represented via string operators defined along a given path (say P) as

and
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𝑍𝑍 = 𝑇𝑇𝑇𝑇𝑒𝑒−𝛽𝛽𝛽𝛽 Partition function

𝑍𝑍 = 0

Pioneering papers:
C. N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952) T. D. 
Lee and C. N. Yang, ibid. 87, 410 (1952)
See also: K. Huang, Statistical Mechanics, 1987

Solutions for zeros of partition function in the range 
of REAL values of physical parameters

1. Thermal phase transitions
2. T=0: Quantum phase transitions, zeroes of spectrum    

(eigenvalues of H)

P.N. Timonin and G.Y.C., PRB 104, 045106 (2021)
P.N. Timonin and G.Y.C., PRE 96, 062123 (2017)

Solutions for zeros of partition function in the range of 
COMPLEX values of physical parameters

Disorder lines, aka modulation transitions, 
disentanglement
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J. Stephenson, Can. J. Phys. 48, 1724 (1970), ibid
48, 2118 (1970); Phys. Rev. B 1, 4405 (1970).

Fundamental properties: Phases and transitions 

NB: No information about order parameter or      
symmetry (breaking) is required. 
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𝑍𝑍 = 0

Spectrum eigenvalues

T=0 limit:

Quantum phase transition

Disorder line, aka modulation transition, disentanglement
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Winding numbers and zero-energy Majorana edge modes:
With a unitary transformation, the Hamiltonian

can be brought to the block off-diagonal form:

Winding number is defined as an integral over the Brillouin zone:

where
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Upon analytical continuation of the wave numbers onto the complex plane  
the winding number becomes the logarithmic residue of detD : 

Number of roots inside a unit circle  
total number of Majorana edge (localized) 
modes for each phase, see Table I.
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Lee-Yang zeroes, disorder lines and disentanglement:

𝒛𝒛+/− ∈ ℂ, 𝒛𝒛+= 𝒛𝒛−∗ IC oscillations of the EVEN sector are localized at:

IC oscillations of the ODD sector are localized at:

The wave numbers of IC oscillations are defined in the reciprocal 
space of the dual even/odd chains. They are:
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EVEN/ODD DLs Factorized EVEN/ODD sectors of the GS (partial disentanglement)

EVEN/ODD correlators are CONSTANT 
on their corresponding DLs. For instance:
(Region A)

Concurrence and global entanglement: 

EVEN/ODD DLs cross Factorized GS (disentanglement)



25

Columnar ladder:



Order Parameter Calculations:
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Majorana correlation function, found analytically

Toeplitz block determinants
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Experiments to detect the brane order: 



28



29



30



31

Parity brane (string) order parameter is defined in the limit 𝑫𝑫 → ∞
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"Обобщенная теория фазовых переходов в низкоразмерных системах 
c нелокальным (топологическим) упорядочением".
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THE END

THANK YOU!
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